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Abstract. We continue the study of the arithmetic geometry of toric vari- 
eties started in IBPS11I . In this text, we study the positivity properties of 
metrized R-divisors in the toric setting. For a toric metrized R-divisor, we give 
formulae for its arithmetic volume and its x-arithmetic volume, and we char- 
acterize when it is arithmetically ample, nef, big or pseudo-effective, in terms 
of combinatorial data. As an application, we prove a Dirichlet's unit theo- 
rem on toric varieties, we give a characterization for the existence of a Zariski 
decomposition of a toric metrized R-divisor, and we prove a toric arithmetic 
Fujita approximation theorem. 
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Introduction 

The study of the positivity properties of a divisor on an algebraic variety is a 
central subject in algebraic geometry which has many important results and appli- 
cations. A modern account about this subject can be found in the book |Laz04] . 

There arc different notions of positivity for a divisor: it can be ample, nef, big, 
or pseudo-effective. There are also numerical invariants of a divisor related with 
positivity, like its degree and its volume. The degree of a divisor is the top intersec- 
tion product of the divisor with itself, while the volume measures the asymptotic 
growth of the space of global sections of the multiples of the divisor. When the 
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divisor is ample both invariants agree but, in general, the volume is always nonneg- 
ative while the degree can be either positive, zero or negative. The different notions 
of positivity, the degree and the volume of a divisor are invariant under numerical 
equivalence and can be extended to R-divisors. 

Analogues of these invariants and notions of positivity have been introduced 
in Arakelov geometry and their study has interesting applications to Diophantinc 
geometry. In |Zha95a) . Zhang started the study of a theory of arithmetic ampleness 
and proved an arithmetic Nakai-Moishczon criterion. Using this theory, he obtained 
the so-called "theorem on successive algebraic minima" relating the minimal height 
of points in the variety which are Zariski dense with the height of the variety itself. 
This result plays an important role in Diophantine geometry, for example in the 
context of the Manin-Mumford conjecture, the Bomogolov and Lehmer questions, 
and the Zilber-Pink conjecture. 

In |Mor09j . Moriwaki introduced the notion of arithmetic volume measuring the 
growth of the number of small sections of the multiples of an arithmetic divisor, and 
proved the continuity of this invariant. In |Yua08| . Yuan studied the basic prop- 
erties of big arithmetic divisors, that is, arithmetic divisors with strictly positive 
arithmetic volume. As an application, he obtained a very general criterion for the 
cquidistribution of points of small height in an arithmetic variety, generalizing the 
previous cquidistribution theorems of Szpiro-Ullmo-Zhang |SUZ97j . Bilu [Bil97] . 
Favre-Rivera-Letelier |FR06j . Baker-Rumely |BR06j and Chambert-Loir jCha06J . 

Given these results, it is interesting to dispose of effective criteria to test the pos- 
itivity properties of an arithmetic divisor and to be able to calculate the associated 
invariants in concrete situations. In this direction, Moriwaki has studied a family of 
twisted Fubini-Study metrics on the hyperplane divisor of Pg. He has obtained cri- 
teria for when these metrics define an ample, nef, big of pscudo-cffcctivc arithmetic 
divisor, he also computed the arithmetic volume of such divisors, proved a Fujita 
approximation theorem and gave a criteria for when a special type of Zariski de- 
composition exists [Mori la] . The present text generalizes these results to arbitrary 
toric (adelically) metrized M-divisors on toric varieties. 

Toric varieties can be described in combinatorial terms and many of their algebro- 
geometric properties can be translated in terms of this description. A proper toric 
variety X of dimension n over an arbitrary field is given by a complete fan £ on a 
vector space Ar — R™ . A toric R-divisor D on X defines a function VP o : Nr — > R 
which is linear in each cone of the fan S. Following the usual terminology in 
toric geometry, we call such function a "virtual support function". One can also 
associate to D a polytope Ad in the dual space Mr := N^. There is a "toric 
dictionary" that translates algebro-gcometric properties of the pair (X, D) into 
combinatorial properties of the fan, the virtual support function and the polytope. 
For instance, the set of points of Ao in the dual lattice M = A v gives a basis 
for the space of global sections of O(D), and the volume of D can be computed 
as vol(A, D) = n! vo1a/(Ad), where voIa/ is the Haar measure on Mr which gives 
covolume 1 to the lattice M. The divisor D is nef if and only if the function ^> u is 
concave and, if this is the case, its degree coincides with its volume. 

In [BPS11] , this toric dictionary has been extended to cover some of the arith- 
metic properties of toric varieties. Let K be a global field, that is, a field which is 
either a number field or the field of rational functions of a projective curve, and 
suppose that X is a toric variety over K. Then, a toric metrized divisor D on X 
defines a family of functions xpjj : Ar — > R indexed by the set of places 2% of 
IK such that ipjy = for all v except for a finite number of them. By duality, 
this family of functions gives rise to a family of concave functions on the polytope 
$p : Ad — > R, called the local roof functions of D. The global roof function ■d^ 
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of a metrized divisor D is defined as a weighted sum over all places of these local 
roof functions. The convex subset Qjy C Ad is the set of points where #jj takes 
nonnegative values. 

These objects encode many of the Arakelov-theoretical properties of D. For 
instance, a metrized divisor D is called semipositive in [BPSllj if its metrics 
are uniform limits of semipositive smooth (respectively algebraic) metrics for the 
Archimedean (respectively non-Archimedean) places. Then, D is semipositive if 
and only if all the functions ipjj are concave. If this is the case, the height of X 
with respect to D can be computed as 

hjy(X) = (n+l)\ [ %dvol M . 

J A D 

Moreover, we show in the present text how these notions and results extend to toric 
metrized R-divisors. We refer the reader to 2] for the precise definitions and more 
details. 

The arithmetic volume and the ^-arithmetic volume of a metrized R-divisor D 
measure respectively the growth of the number of small sections of the multiples 
of D and the growth of the Euler characteristic of the space of sections of the 
multiples of D (Definition I3.13[) . Our first main result in this text are formulae for 
the arithmetic volume and the x-arithmetic volume of a toric metrized R-divisor 
(Theorem 15. 6[) . 

Theorem 1. Let X be a proper toric variety over K and D a toric metrized R- 
divisor on X. Then the arithmetic volume of D is given by 

vol{X,D) = (n + 1)! / max(0, %) dvol M = (n + 1)! / t% dvol A /, 
Ja d Je— 

while its x- ar "ithmetic volume is given by 

vol x (X,D) = (n + l)l I %dvol A /. 

J A D 

The height is defined for DSP metrized R-divisors, that is, differences of semipos- 
itive ones, whereas the arithmetic volume and the ^-arithmetic volume arc defined 
for any metrized R-divisor. Observe that when D is semipositive, the ^-arithmetic 
volume agrees with the height and the formula for vol x (X, D) coincides with that 
for hjj(X). Nevertheless, we show that the notion of height no longer coincides with 
that of \- arithmetic volume for arbitrary DSP R-divisors (Examples 15.91 and 15.111) . 

Formulae similar to those in Theorem [1] were previously obtained by Yuan 
|Yua09aj , [Yua09b and by Boucksom and Chen jBCllj for a metrized divisor D on 
a variety over a number field, under the hypothesis that the underlying divisor D 
is big and that the metrics at the non- Archimedean places are given by a global 
projective model over the ring of integers of the number field. These formulae are 
expressed in terms of the integral of a function over the Okounkov body of the di- 
visor. The Okounkov body is a generalization to arbitrary divisors of the polytopc 
that appears in toric geometry Indeed, the functions introduced by Yuan and by 
Boucksom and Chen can be seen as a generalization to arbitrary metrized divisors 
(under the aforementioned hypothesis) of the global roof function. 

Our second main result is the following characterization of positive toric metrized 
R-divisors (Theorem 16. ip . 

Theorem 2. Let X be a proper toric variety over K and D a toric metrized R- 
divisor on X . Then 

(1) D is ample if and only if ^ d is strictly concave on S, the function ipjy v is 
concave for all v € 9Hk, and i)jj(x) > for all x £ Ad; 
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(2) D is nef if and only if 0jj is concave for all v G DJIk and , &-g(x) > for 
all iG Ajj; 

(3) D is big if and only if dim( A d) = n and there exists x G Ad such that 
%(x) > 0; 

(4) D is pseudo-effective if and only if there exists x G Ajj such that $jj(x) > 0; 

(5) D is effective if and only if € Ac and $jj v (0) > for all v G 5D?k- 

There are several questions one can ask about the relations between the different 
notions of positivity. An effective metrized R-divisor is also pseudo-effective and, 
conversely, one can ask if any pseudo- effective metrized R-divisor is linearly equiv- 
alent to an effective one. As Moriwaki pointed out, this question can be seen as an 
extension of Dirichlet's unit theorem to metrized R-divisors on varieties [Morllbj . 

Another relevant question is whether one can approximate pseudo-effective or big 
metrized R-divisors by nef or ample ones. A Zariski decomposition of a big metrized 
R-divisor D amounts to its decomposition, up to a birational transformation, into 
an effective part and a nef part which has the same arithmetic volume as D. Such a 
decomposition always exists when the underlying variety is a curve over a number 
field |Morllcj but it does not always exist for varieties of higher dimension [Morllbj . 

In the absence of a Zariski decomposition, one can ask for the existence of an 
arithmetic Fujita approximation. The existence of an arithmetic Fujita approxi- 
mation was proved by Yuan |Yua09aj and by Chen jChelOj for the case when K is 
a number field, D is a divisor, the metrics at the infinite places are smooth, and 
those at the finite places come from a common projective model over Ok- 

As a consequence of our characterization of the different notions of arithmetic 
positivity, we give a positive answer to the Dirichlet's unit theorem for toric vari- 
eties when the base field K is an A-ficld, that is, a number field or the function 
field of a curve over a finite field. We also give a criterion for when a toric Zariski 
decomposition exists and we prove a toric Fujita approximation theorem (Theo- 
rem E2). 

Theorem 3. Let X be a proper toric variety over K. and D a toric metrized R- 
divisor on X . 

(1) Assume that K is an A-field. Then D is pseudo-effective if and only if there 
exists a G Ad and a G K x <g> R such that 

D + d\v(ax a ) > 0. 

(2) Assume that D is big. Then there exists a birational toric map ip: X' — > X 
and toric metrized R-divisors P, E on X' such that P is nef E is effective, 

ip*D = P + E and vol(X', P) = vo\(X, D) 

if and only if Ojy is a quasi-rational polytope (Definition ^ .5^ . 

(3) Assume that D is big. Then, for every e > 0, there exists a birational toric 
map ip: X' — > X and toric metrized lH-divisors A, E on X' such that A is 
ample, E is effective, 

ip*D = A + E and vol(X',A) > vol(X,T)) — e. 

A stronger version of the Zariski decomposition asks that the nef part is maximal 
in a precise sense (Definition I3.26[) . In the toric setting, one can ask for the exis- 
tence of a decomposition which is maximal among all toric ones (Definition 17. ip . 
Indeed, we show that the criterion in Theorem [3U5]) extends to pseudo-effective 
metrized R-divisors if one uses this stronger version of the Zariski decomposition 
(Theorem OO). 

A related question in whether the existence of a non-necessarily toric Zariski 
decomposition of a big toric metrized R-divisor is equivalent to the existence of a 
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toric one. In ^S]we give a partial affirmative answer to this question restricting to 
toric varieties defined over Q and arithmetic R-divisors (Theorem 18. 2[) . Roughly 
speaking, arithmetic R-divisors correspond to metrized R-divisors whose metrics 
at the non-Archimedean places are given by a single integral model and they are 
closer to the more traditional language of arithmetic varieties, see Example 13. 181 for 
the precise definition and more details. 

Since Arakelov geometry can be developed in different frameworks, we discuss 
briefly the one in the present text. We have chosen to use the adelic language 
introduced in this context by Zhang in |Zha95b] instead of the language of arith- 
metic varieties of Gillet and Soule as in [GS90] . This point of view is more general 
and flexible, and allows to treat the cases of number fields and of function fields 
in a uniform way. Moreover, since general proper toric varieties are not necessarily 
projective nor smooth, we do not add any hypothesis of projectivity or smooth- 
ness. Also, we work in the framework of R-divisors since it is the appropriate one 
for Dirichlet's unit theorem on varieties, and it is also suitable for discussing the 
Zariski decomposition and Fujita approximation problems. 

There are several different definitions in the literature for the various notions of 
arithmetic positivity, depending on the used framework. Adding the appropriate 
technical hypothesis, these different definitions are equivalent but, in general, they 
are not. Due to our choice of working framework, we had to adjust these pre-existing 
definitions (Definition I3.I7|) . A systematic study of the definitions we propose here, 
including the openness of the ample and the big cones, the closedness of the nef 
and the pseudo-effective cones, and the continuity of the arithmetic volume, falls 
outside the scope of the present text. Nevertheless, our results show that these 
definitions behave as expected in the toric case. 
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Throughout this text, by a valued field we mean a field K together with an 
absolute value | • | that is either Archimedean or associated to a nontrivial discrete 
valuation. If (K, | • |) is a valued field, then we set K° = {x € K \ \x\ < 1}. When 
| • | is non-Archimedean, the unit ball K° is a ring. 

Let IK be a field and 9JI a family of absolute values on K with positive real 
weights. For each v £ DJl we denote by | • |„ the corresponding absolute value, by 
n v € R>o the weight, and by K„ the completion of K with respect to | • |„. We also 
set 



where w v is a uniformizer of the maximal ideal of IK° . 

We say that (K, 9JT) is an adelic field if the following conditions hold: 

(1) for each v € the completion K v is a valued field; 

(2) for each a G K x , \a\ v = 1 except for a finite number of v. 

The adelic field (K, SDT) is said to satisfy the product formula if, for all a € K x , 



1. Global fields 




log | w v I „ otherwise , 



if | • |„ is Archimedean, 
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Let F be a finite extension of K. For each v £ 9Jt, let 9tu be the set of pairs 
w = (| • \ w ,n w ) where | • \ w is an absolute value on F that extends | • |„ and 

n n Wu, : IK.,,] 

(1.1) n w = -y^n*. 

If 91 = U v yi v , then (F,*Jl) is an adelic field which satisfies the product formula 
whenever (K.9JI) does. For w £ 91, we note w \ v if | ■ \ w extends \ ■ \ v . 

Example 1.2. Let 9J1q be the set formed by the Archimedean and the p-adic 
absolute values of Q, normalized in the standard way, with all weights equal to 1. 
Then ((Q),9J1q) is an adelic field that satisfies the product formula. We identify 9J1q 
with the set {oo} U {primes of Z}. For a number field K, the construction above 
gives an adelic field (K, 9JIk) which satisfies the product formula too. 

Example 1.3. Consider the function field K(C) of a smooth projective curve C 
over a field k. For each closed point v £ C and a £ K(C) X , we denote by ord„(a) 
the order of a in the discrete valuation ring Oc,v We associate to each v the 
absolute value and weight given by 

\a\ v = c fe ° ld " (Q \ n v = [k(v) : k] 

with 

#fc if #fc < oo, 
e if #fc = oo. 

Let TIk(c) denote this set of absolute values and weights. The pair (K(C), 9JIk(C)) 
is an adelic field which satisfies the product formula, since the degree of a principal 
divisor is zero. In this case, = log(cfc) for all v. 

More generally, let IK be a finite extension of K(C). Applying the construction 
in (jl.ip . wc obtain an adelic field (K, 9JIk/k(C)) which satisfies the product for- 
mula. In this geometric setting, this construction can be formulated as follows. Let 
7r : B — > C be a dominant morphism of smooth projective curves over k such that 
the finite extension K(C) <^-> K identifies with ir* : K(C) K{B). For a closed 
point v £ C, the absolute values of K that extend | • |„ are in bijection with the 
closed points of the fibre of v. For each closed point w £ 7r -1 (i;), the corresponding 
absolute value and weight are given, for j3 £ K(B) X , by 

(14) \B\ -c" 2 ^ n e -t fc W:fc] 

where e w is the ramification index of w over v. We have 
(1.5) X w = log(c fc )/e MI . 

Observe that this structure of adelic field on K depends on the extension and not 
just on the field K{B). For instance, (K(C) 7 DJIk(c)) corresponds to the identity 
map C — > C , but another finite morphism 7r : C — > C may give a different structure 
of adelic field on K(C). 

Definition 1.6. A global field is a finite extension K/Q or K/K(C) for a smooth 
projective curve C over a field fc, with the structure of adelic field given in exam- 
ples 11.21 or 11.31 respectively. To lighten the notation, we will usually denote those 
global fields as IK although, in the function field case, the structure of adelic field 
depends on the particular extension. In both cases, we will denote by 3J!k the set 
of places and by oIk the degree of the extension. 

Note that our use of the terminology "global field" is slightly more general than 
the usual one since, in the function field case, we allow an arbitrary base field. The 
price to pay for this greater generality is that, in the function field case, we can 
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1(c) 



not use the nice topology of the adeles. Instead, we will have to use geometric 
arguments. Following Weil | Wei 74] . we will use the terminology M-field" for the 
global fields which are either a number field or a finitely generated extension of 
degree of transcendence 1 of a finite field. 

We recall the notion of SUtu-divisor, which can be also found in |Lan94l Chap- 
ter V] for the case of number fields. 

Definition 1.7. Let K be a global field. An ffflfc-divisor is a collection c = 
{c„}„g3ji K of positive real numbers such that c v = 1 for all but finite number of v 
and such that c„ belongs to the image of | • |„ for all non- Archimedean v. We set 

L(c) = {7 G IK | |7|„ < c„ for all v} 

and 

I log(#L(c)) if K is a number field, 

I log(cfe) dimfc(L(c)) if K is a function field. 

We also set deg(c) = J2 V d K n v log(c„). 

Example 1.8. Let K = K(B)/K(C) be an extension of function fields viewed as 
a global field as in Example 11.31 Let c = (c„)„ be an 9Jti£-divisor. For each closed 
point v G B, the condition that c v belongs to the image of the absolute value | • |„ 
is equivalent to log(c,j)/A„ G Z. Consider the Weil divisor on B given by 

D(c) = £>[«] 

V 

with d v = \og(c v )/X v . Let L(D(c)) be the associated linear series and l(D(c)) its 
dimension. Then 

(1.9) L(c) = L(D(c)), T(c) = log(cfc) l(D(c)), feg(c) = log(c fe ) deg(D(c)). 

These equalities follow easily from the definitions. For instance, we prove the last 
equation with the help of (|1.4[) and (|1.5[) : 



deg(c) = V" d K n v log(c„) = V" " — X v d v 

= Iog(c fc ) d AHv) ■ k] = log(c fc ) deg(£»(c)). 

V 

Thus, an 9JlK-divisor can be identified with a Weil divisor on the curve B. This 
identification respects their linear series and the associated invariants, up to the 
multiplicative constant log(cfe). 

Lemma 1.10. Let K be a global field. Then, there exists n > depending only 
on K such that, for any dJl^-divisor c, 

I 1(c) — max(0, dcg(c)) J < k. 

Proof. If K is a number field, then, in the notation of |Lan94l page 101], 

T(c)=log(A(c)), dii(c)=log||c|| K 

and |Lan941 Chapter V, Theorem 0] gives the result. 

Hence, we only have to consider the case when K is the function field of a smooth 
projective curve B. Let D = D(c) be the Weil divisor associated to the 9JtK-divisor 
c as in Example 11.81 If deg(D) < 0, then 1(D) = and so 1(c) = max(0, dcg(c)) 
by (|1.9[) . and the lemma is proved in this case. When deg(D) > 0, we have that 
1(D) < deg(D) + 1 and, by the Riemann-Roch theorem, 

1(D) > deg(D) - (g(B) - 1) 
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where g(B) is the genus of B. Hence, | 1(c) — max(0, deg(c))| < (g(B) — 1) log(c/;), 
thus proving the lemma. □ 

Lemma 1.11. Let K be a global field and S C 9Hk a finite subset. Let {"f v }vemK be 
a collection of positive real numbers such that j v = 1 for all except a finite number 
of v, and such that 

n ^ < L 

u<E9Jt K 

Let < rj < 1 be a real number. Then, there is an integer £q > 1 such that, for 
all £ > £o, there exists a £ K x wii/i |a| u 7~ < 1 for all v £ 9JIk and |a|.u% < 77 for 
all dgS. 

Proof. Consider the finite set of places 

S' = S U {u G OTk I 7„ ^ 1} U {« G 9% I w is Archimedean}. 

For each v £ S' we pick 7„ > 7^ in such a way that n„7™" < 1 while, for 
v £ SHk \ 5", we set 7„ = j v = 1. Then for each v £ S' we can find an integer 
such that 

(1.12) 4(log(%) - log( 7 „)) > X v - logfa). 

Choose £0 > max.„ e s' ^ satisfying also that 

-^0 ^ d& n v log(7„) > k, 

V 

where re is the constant in Lemma Tl. 101 Let £ > £q. By (|1.12p . for each v £ S' the 
interval [— £log(7\,), log(?y) — i log(7„)] has length bigger than A„ . Therefore, we can 
choose x v £ IK* with 

1 1 1 V 

^7 S I|) « < "7 ■ 

Set c v = \x v \ v for v £ S' and c„ = 1 for v $ S'. Then c = (c„)„ is an OTjK-divisor 
with 

deg(c) = y^d K n„log \x v \ v > -£^d K n v log(7„) > re. 

V V 

Lemma Tl. 101 then implies that L(c) ^ {0}. Hence, we can find a £ K x such that 
\ot\ v < C v < "f~ l for all v £ DJIk and \a\ v < c v < tyiZ for v £ S", proving the 
result. □ 

2. Adelic vector spaces 

Let (K, I • |) be a valued field and V a vector space over K . By a norm on V we 
will mean a norm in the usual sense in the Archimedean case and a norm satisfying 
the ultrametric inequality in the non- Archimedean case. Let (V, || • ||) be a normed 
vector space over K. If E C K and F C V we write 

|£| = {|a| ae£}c M> , = {|M| | x G F} c K> . 

Let V° = {x £ V I ||x|| < 1} be the unit ball of V. When K is non- Archimedean, 
V° is a if° -module. 

Example 2.1. Let K be a valued field and r > 0. We can give a structure of 
normed vector space to K r by considering, if | ■ | is Archimedean, the Euclidean 
norm and, if | • | is non-Archimedean, the €°°-norm. In precise terms, for x — 
(xi,...,x r ) G K r , 

{(Yli=i \ x i\ 2 ) 1 ^ 2 if I - I is Archimedean, 
maxilxilt, otherwise. 

This choice of norm gives the standard structure of normed vector space on K r . 
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We recall the notion of orthogonality of a basis in a normed vector space. 



Definition 2.2. Let K be a valued field and V a normed vector space over K. A 
set of vectors {&i, . . . , b r } of V is orthogonal if, for all 71, . . . ,j r € JC , 



t=i 



> max ||7i6i|| 



An orthogonal set of vectors {b\, . . . , b r } is orthonormal if = 1 for all i. 

For an r-dimcnsional normed vector space, the presence of an orthogonal basis 
allows to compare its unit ball with an ellipsoid in the standard normed vector 
space K r . 

Lemma 2.3. Let (K, | • |) be a valued field and {V, || ■ ||) a normed vector space over 
K of finite dimension r. Suppose that there is an orthogonal basis b = {61, . . . , b r } 
of V and let (fit,: V —> K r be the induced isomorphism. 

(1) Suppose that \ ■ \ is Archimedean and consider the ellipsoid 



E = 



{( 7 i,...,7r)e^ r I £MW<i}- 



Then r- x E C <p b {V°) C y/rE. 
(2) Suppose that | ■ | is associated to a nontrivial discrete valuation with uni- 
formizer w. Let on £ K such that \\bi\\ < \cti\ < ||6j|| . Then the 

vectors £>i, . . . , of 1 £> r } form a basis of V° . In particular, if we con- 
sider the set 

E={{ lu ..., lr )&K r I max|7i||NI<l}, 
then (j) b (V ) = E. 

Proof. We consider first the Archimedean case. On the one hand, let x <G V° and 
write x = with 7$ <S K. Then max^ |7i|||6»|| < \\x\\ < 1, since the basis b is 

orthogonal. Hence £7 |7i| 2 ||fri|| 2 < r, which implies that 4>b(V°) C \pr~E. On the 
other hand, let (71, . . . ,7 r ) € r~ 1 E and write x = J2i^i^i f° r the corresponding 
point of V. We have ||.t|| < rmaxj |7i|||6,:|| < KSi ^iPll&iH 2 ) 1 / 2 — 1j which implies 
that r~ l EcV°. 

Now consider the non- Archimedean case. Let x = J7 € V. If a; G V , then 



max|7i| I a* I < \zv\ 1 max |7i|||&i|| < \w\ 1 / J7i^ 



Since the first inequality is strict, this implies that max^ |7j| |a,| < 1, hence 7^ € 
if and so V° C J2i K ° a 7 lb i- Conversely, let x £ J2i K ° a 7 lb i- Thcn INI < 
maxj Iq;" 1 !!^;!! < 1, which proves the reverse inclusion. □ 

The notion of orthogonality on general normed vector spaces is delicate in the 
Archimedean case. By contrast this notion behaves nicely in the non- Archimedean 
case. For instance, if (V, || • ||) is a normed vector space of dimension r over a 
non- Archimedean valued field and {bi, . . . , b r } is a orthogonal basis of V, then 



(2.4) 



i=l 



max H7AH 



Moreover, orthogonal bases always exist in the non- Archimedean case. 

Proposition 2.5. Let (V, || • ||) be a normed vector space of dimension r over a 
non- Archimedean valued field (K, | • |). Then there exists an orthogonal basis ofV. 



10 



BURGOS GIL, MORIWAKI, PHILIPPON, AND SOMBRA 



Proof. When K is locally compact, the proof can be found in |Wei74[ Proposi- 
tion II. 3]. For completeness we include a proof for an arbitrary discrete valuation. 

Let \K X | be the set of nonzero values of K. This is a discrete subgroup of M>o- It 
can be verified that, if x\, . . . , Xk are nonzero vectors of V such that the norms ||xi|| 
belong to different cosets with respect to \K X \, then these vectors are orthogonal. 
Since orthogonal vectors are linearly independent, we deduce that the set of norms 
\\V \ {0}|j is a finite union of at most r cosets of \K X \. Hence, this is a discrete 
subset of K>o- 

Let now b\,...,b r be a basis of V. We construct a orthogonal basis inductively. 
Put e\ =b\. For 2 < k < 1 — 1, assume that we have already chosen a set e±, . . . , 
of orthogonal vectors that span the same subspace as b\, . . . , Choose a vector 
efe+i = bk+i + Ylj=i x j e j w hh the property that 

k 

(2.6) ||e fc+ i|| =inf { b k+1 +Y J X 3 e J Ai, . . . , A fc G A"}. 

j=i 

This vector exists because of the discreteness of \\V\ {0}||. Condition (|2.6p implies 
that the set e\, . . . , e k +i is orthogonal. □ 

Corollary 2.7. The unit ball V° is a free K° -module of rank r. 

Proof. By Proposition 12.51 V admits an orthogonal basis. Thus, the statement 
follows from Lemma r2.3t l2"j). □ 

In the Archimedean case, a norm is determined by its unit ball. This is not 
true in the discrete valuation case. For a normed space (V, || • ||) over a valued field 
(K, |-|), the norm associated to the unit ball is defined, for x £ V, as 

(2.8) ||x|| v . = inf{|a| | a G K,x G aV°} 

In general, ||x|| < ||x||yo . Following |Gau09j . we say that the normed space (V, || • ||) 
is pure if \\x\\ = j|.T||y"° for all x G V. The purification of (V, || • ||) is the normed 
vector space (V, | ■ 

All normed spaces over an Archimedean field are pure. In the non- Archimedean 
case, we have the following criterion. 

Proposition 2.9. Let (V, || • ||) be a normed space over a non- Archimedean valued 
field (K, | • | ) . Then the following conditions are equivalent: 

(1) (V.H-II) is pure; 

(2) ||V1| = \K\; 

(3) there exists an orthonormal basis of V ; 

(4) every K° -basis of V° is orthonormal. 

Proof. Since the valuation is discrete, we have that 

\\x\\ V o = min{t G \K\ \ t > \\x\\}. 

The equivalence of ^ and ([2]) follows easily from this. The fact that (|3|) implies 
@ is clear, whereas the reverse implication follows from Proposition ^. 51 By Corol- 
lary V° admits a K° basis, and so (@| implies ([3]). Thus, it only remains to 
show that (fTJ) implies (01. 

Consider K r with its standard structure of normed vector space as in Exam- 
ple [2Tj With this structure, the standard basis is orthonormal. Let b = {b\, . . . ,b r } 
be a -fsT°-basis of V° and <f>b : V — > K r the isomorphism given by this basis. The 
image of V° by this isomorphism is the unit ball of K r . Therefore, if V is pure, <f>b 
is an isometry and b is an orthonormal basis. □ 
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Partly following [Gau09j . we introduce a notion of adelic vector space. As Gau- 
dron points out, this notion extends that of Hermitian vector bundle, which is at 
the base of Arakelov geometry. 

Definition 2.10. Let (IK, 971) be an adelic field. An adelic vector space over (K, 97t) 
is a pair V = (V, {\\ ■ \\ v }v£vn) where V is a vector space over IK and, for each v £ 971, 
|| ■ || v is a norm on the completion V v :— V <E) K„, satisfying, for each x £ V \ {0}, 
that ||a;||„ = 1 for all but a finite number of v. 

Let V be an adelic vector space over (K, 97t) . An element x £ V is small if 
\\x\\ v < 1 for all v £ 971. A small element x £ V is strictly small if Il-ueOT INI"" < 1- 
If 5* C 971 is a finite set, then a small element x £ V is strictly small on S if \\x\\ v < 1 
for all v £ S. 

The adelic vector space V is called pure if (V v , || • \\ v ) is pure for all v £ 971. 
The purification of V is the adelic vector space V pul - — (V,{\\ ■ \\ v ,V°}v)- If V is 
finite dimensional, it is called generically trivial if there is a if -basis of V that is an 
ortho normal basis of V v for all but a finite number of v. Clearly, if V is generically 
trivial, the same is true for its purification. 

Note that Gaudron's definition of adelic vector space includes the condition of 
being generically trivial. 

Example 2.11. Let K be a global field and r > 0. The standard structure of 
adelic vector space on W is defined by choosing the standard norm on K£ for each 
place v £ 971k, as explained in Example 12.11 The obtained adelic vector space is 
pure and generically trivial. 

Example 2.12. Let I be a global field. A normed vector bundle is: 

(1) when K is a number field, a locally free 0K-module £, together with the 
choice of a norm || ■ ||„ on £ ® K„ for each Archimedean place v; 

(2) when IK = K(B) is the function field of a smooth projective curve, a locally 
free O^-modulc £. 

To a normed vector bundle £ , we associate the adelic vector space E = (E, {\\ ■ \\ v }) 
given by the vector space E = £ £g) K, the given norm for each Archimedean place 
v £ 971k, and the norm 

||a;||„ = inf{|a|.„ | a £ K, x £ a£ v }, 

for each non-Archimedean place v. Clearly, this adelic vector space is pure and 
generically trivial. 

The previous example covers all cases of pure and generically trivial adelic vector 
spaces over a global field. 

Proposition 2.13. Let V be a finite dimensional adelic vector space over a global 
field. Assume that V is pure and generically trivial. Then, it is the adelic vector 
space associated to a normed vector bundle. 

Proof. We give the proof of this statement for the case of function fields only, the 
case of number fields being analogous. Let K = K(B) for a smooth projective 
curve B. For each open subset U C B, we write 

£y( u ) = {xeV\ \\x\\ v < 1, V« g U}. 
Clearly, £y is a sheaf of Os-modules. Let vq £ B and choose a K° Q -basis b of V° . 
Since V is generically trivial, there is a basis e of V that is an orthonormal basis of 
V v for all but a finite number of places v. Let U be the subset of B containing the 
generic point, the point vo, and all the closed points v £ B such that det(e/6) is a 
unit of K° . Then, U is a neighbourhood of v$ such that b is a K°-basis of V° for 
all closed points v £ U . This shows that £y is locally free. 
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Since V is pure, its norms agree with the norms induced by £y , which completes 
the proof. □ 

Definition 2.14. Let V be an adclic vector space over a global field IK. The set of 
small elements of V is denoted by H°(V). We further write 

~ _ (log(#H°(V)) if IK is a number field, 

1 log(cfc) dimk(H°(V)) if K is a function field. 

If K is a function field over a finite field, then h°(V) = log(#H°(V)) since 
c k = #k. Thus, both definitions agree for A-fields. 

Example 2.15. Let K be a global field and c = (c„)„ an OJlR-divisor. We define a 
normed vector space V(c), given by V(c) = K and \\a\\ v = c" 1 1 ck| „ . Then V(c) is a 
pure and generically trivial adelic vector space over IK. Moreover, H°(V(c)) = L(c) 
and h°(V(c)) =?(c). 

When IK is a function field and the adelic vector space comes from a normed 
vector bundle, the sets H°(V) can be interpreted as the space of global sections of 
the model defining the metric. 

Example 2.16. Let IK = K(B) be the function field of a smooth projective curve 
with the structure of global field given by Example 11.31 Let £ be a locally free 
C^-module and E the associated adelic vector space as in Example 12.121 Then 
there is a canonical isomorphism 

H°(B,£) ~ H°(E), 

given by restriction to the generic fibre. In particular, 

(2.17) h°(E)=log(c k )h°(B,£). 

We next recall the definition of the Euler characteristic of an adelic vector space. 
For general function fields, the definition differs from that for ^4-ficlds since, in that 
case, we do not dispose of a Haar measure on the corresponding space of adeles. 

Definition 2.18. Let I be a global field and V a generically trivial adelic vector 
space over IK of finite dimension r. 

Assume first that IK is a number field. Let A be its ring of adeles, set = V<8>kA, 
and consider the adelic unit ball 

V£ = 1[V V ° dV A . 

V 

Let \x be a Haar measure on &£. The Euler characteristic of V is defined as 



This number does not depend on the choice of fi. In other words, the Euler char- 
acteristic is the ratio between the volume of the unit ball and the covolume of the 
lattice V C V A . 

Next assume that K is a function field. Let & be a basis of V over IK and, for 
each v G 971k, choose a basis b v of V° over K°. The Euler characteristic of V is 
defined as 

(2.19) x(V) =J2dKn v log\det(b v /b)\ v , 

V 

where b v /b denotes the matrix of b v with respect to the basis b. This quantity does 
not depend on the choices of bases because of the product formula. 

In both cases, the formula makes sense because the adelic vector space is gener- 
ically trivial. 
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Remark 2.20. Let K be a number field and V an adelic vector space over K of finite 
dimension r. With notations as in Definition 12.181 for each Archimedean place v , 
we consider the Lebesgue measure \i v on W v . Therefore, for v real, /x„((K£) ) = 2 r 
whereas, for v complex, /x„((K£)°) = tt t . We choose a basis b of V over K and, for 
each non- Archimedean v, we also choose a basis b v of V° over K°. Then 

(2.21) x(V) =^log(^(^, t ,(K°)))+X! d Kn„log|det(6 1; /6)| 1J , 

where 0t.,u : - > K£ is the isomorphism induced by the basis b. This is the 
analogue for number fields of formula (|2.19j) . 

When V is an adelic vector space over a function field coming from a normed 
vector bundle, its Euler characteristic coincides with the Euler characteristic of the 
associated model, up to an additive constant. 

Example 2.22. Let it: B — > C be a dominant morphism of smooth projective 
curves over a field k and consider the function field K = K{B) with the structure 
of global field as in Example 1 1.3I Let 8 be a locally free O^-module of rank r and 
E the associated generically trivial adelic vector space as in Example I2.12I Choose 
a K-basis b of E and a K°-basis b v of E° for each v <G 5Hk- Then 

X(E) = 2_^d K n v log |det(6„/6)|„ = 2_^e v [k(v) : k] log (c k J 

V V 

= log(c fc )y^[fc(u) : fc]ord t ,(dct(6/6.„)) = log(c fe ) deg(f), 

V 

where e v denotes the ramification index of v over tt(v). The Riemann-Roch theorem 
for vector bundles on curves then implies 

x(E)=log(c k )( X (£)+r(g(B)-l)), 

where x(^) is the Euler characteristic of £ and g(B) is the genus of B. 

The space of small elements and the Euler characteristic of an adelic vector space 
depend only on its purification, as it follows immediately from the definitions. 

Proposition 2.23. Let V be a generically trivial adelic vector space over a global 
field. Then 

H°(V) = H"(V PUI ) 7 x(V) = x(F pur ). 

The presence of an orthogonal basis allows us to estimate the Euler characteristic 
of an adelic vector space. 

Proposition 2.24. Let V be a generically trivial adelic vector space over a global 
field IK of finite dimension r. Let b = {b\, . . . , b r } be a basis of V over K which 
is an orthogonal basis of V v for all v G OJIk- Let S C OTr be the finite set of 
non- Archimedean places such that \\bi\\ v ^= 1 for some i. Then 



«£3J!s i=l 



< d K r( log(r) + log7r + ^ n v \ 



Proof. We consider the case when K is a number field. We will freely use the 
notation in Rcmark l2.20l Let v be an Archimedean place and consider the ellipsoid 
Ev = {(71, ■ • ■ ,7r) £ K£ I J2i < !}■ When v is real, the volume of this 

ellipsoid is /j, v (E v ) = 2 r JJ , t \\bi\\v dK ™ 1 ' whereas, when v is complex, it is fj, v (E v ) = 
^Ui INI^""- LemmaEaHJ then implies 

(2.25) -rlog(r) <log(^(</) M (K; )))-^d K n 1 ,log(||fe J L- 1 ) < ^f^ + rlog^. 
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Now let v be a non- Archimedean place. Let a, v ^ € K„ such that < la^l,, < 

|ci7 1 ,|~ 1 ||6i|| 1 , for v <G S and a v j = 1 for v ^ S. By Lemma l2.3t[ 2"j). the vectors 
b v ,i ■= ot~fa, i = l,...,r, form a basis of V° and | det(6„/6)|„ = Jli \ a v,i\v 1 - 
Hence, for v £ S, 

(2.26) - rA„ < log | det(^/&)|„ - ]T logONI" 1 ) < °> 

whereas log | det(6„/6)|„ = Ei lo g(INI« = for v $ s - Adding up (j2~23|) and 
(|2.26[) and using the formula (|2.21[) . we conclude that 

-d K r(\og{r) + ^n v X^j < x(V) d ^ n " lo g(INI « l ) ^ d K r(log(r) + log tt). 

ues « i 

The case of a function field follows similarly by applying Lemma [2.3t [2"j). The 
resulting upper bound is better, since it does not have the term log(r) + log7r. □ 

3. Metrized R-divisors 

In this section, we introduce the basic definitions concerning metrized R-divisors 
and the problems we are interested in. We start by recalling the geometric analogues 
for R-divisors. Details on the theory of R-divisors can be found in |Laz04] . 

Let if be a field and X a proper normal variety over K of dimension n. We 
denote by Cai(X) and Div(X) the groups of Cartier divisors and of Weil divisors 
of X, respectively. The spaces of R-divisors and of R-Wcil divisors of X are defined 
as 

Car(X) R = Car(X) ® z R, Divpf ) K = Div(X) ® z R. 
Thus, an R-Carticr divisor on X is a formal linear combination Ei onDi with 
OLi G R and Di e Car(X), and similarly for an R-Weil divisor. In this text, we will 
be mainly concerned with Cartier divisors and R-Cartier divisors and so we will 
call them just divisors and R-divisors, for short. 

Since X is normal, there is an injective morphism Car(X) Div(X). Then, the 
fact that Div(X) is a free Abelian group implies that the maps Car(A) — > Car(X)u 
and Car(A)jj — > Div(X) R are injective. Given an R-divisor D on X , its support is 
defined as the support of the associated R-Weil divisor and is denoted by \D\. 

Let K(X) X be the multiplicative group of nonzero rational functions of X and 
set K(X)£ := K(X) X ® Z R. The map div: K(X) X -> Car(A) extends by linearity 
to a map K(X)£ — > Car(X) R , also denoted by div. 

The spaces of nonzero global sections and global ^-sections of an R-divisor D on 
X are respectively defined as 

T(X,D)* ={(f,D) | feK(X)*, div(/) + Z? > 0}, 

T(X,D)*={(f,D) | / e K(X)£, div(f) + D>0}. 

The spaces of nonzero rational sections and rational ^-sections of D are respectively 
defined as 

Rat(X,D) x := K{X) X x {£»}, R&t(X,D) x := K(X)£ x {D}. 

For s = (/, D) e Rat(X, D) x , we write 

div(s) = div(/) + D e Car(X) R . 

Let L(D) = T(X,D) X U {(0,D)} be the Riemann-Roch space of D. Note that, 
contrary to the usual convention, we have added the label "D" to the elements of 
L(D). This is a isT-vector space and we set 1(D) = dimx(L(Z?)) for its dimension. 
The volume of D is defined as 

vol(X,2?)=Iimsup^f. 
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Let Y be a d-dimensional subvariety of A and D\ , . . . , Dd a family of R-divisors 
on A. The intersection product {D\ ■ ■ ■ Dd ■ Y) is defined by multilinearity from 
the intersection product of Y with divisors. The degree of Y with respect to an 
R-divisor D is deg D (Y) = (D d ■ Y). 

An R-divisor is ample (respectively big, effective) if it is a linear combination of 
ample (respectively big, effective) divisors with positive coefficients. Given divisors 
Di and D2, the condition that D\ — D2 is effective is denoted by D% > D2. An 
R-divisor D on X is nef if deg D (C) > for every curve C C X-^. It is pseudo- 
effective if there exists a birational map (p : X' — > X of normal proper varieties 
over K and a divisor E on X 1 such that £ip*D + E is big for all ^? > 1. 

Remark 3.1. The definition of pseudo-effective given here differs from the one 
in |Laz04l Definition 2.2.25] because wc arc not assuming that the variety X is 
projective. For projective normal varieties, both definitions are equivalent. 

We now introduce metrized divisors and metrized R-divisors on varieties over 
global fields. Throughout the rest of this section, X will be a normal proper variety 
over a global field IK of dimension n. For each place v G 93Tk, we denote by X^ n 
the w-adic analytification of A". In the Archimedean case, A™ is an analytic space 
over R or C while, in the non-Archimedean case, it is a Bcrkovich space (see for 
instance |BPS11I §1.1 and 1.2]). Similarly, a line bundle L on X defines a collection 
of analytic line bundles {L% n } ve gji K . 

Following loc. cit., all considered metrics will be continuous, by definition. For 
v € 9JTk, a metric || • ||„ on L^ n is semipositive if it is the uniform limit of a se- 
quence of semipositive smooth (respectively algebraic) metrics in the Archimedean 
(respectively non- Archimedean) case. The metric || • ||„ is DSP if it is the quotient 
of two semipositive ones. A metric on L is, by definition, an adelic collection of 
metrics || • ||„ on L* n , v G 9Jtx- Such a collection is quasi- algebraic if there is an 
integral model which defines the metric || • ||„ except for a finite number of v. We 
refer to |BPS11[ §1.1, 1.3 and 1.4] for the precise definitions and more details. 

Definition 3.2. For v G 9JIk, a v-adically metrized divisor on A is a pair D = 
(D, || • ||) formed by a divisor and a metric on the analytic line bundle 0(D)^ n . Wc 
say that D is smooth (in the Archimedean case), algebraic (in the non- Archimedean 
case), or semipositive (smooth or algebraic) if so is the metric || • || . The v-adic Green 
function of D is the function gjy: A™ \ |D| — > R given by 



where sd is the canonical section of O(D). The space of all v-adically metrized 
divisors on A is denoted by Car(A)„. 

A quasi- algebraic metrized divisor on A is a pair D = (D,{\\ ■ \\ v }ve<m K ) formed 
by a divisor D and a quasi-algebraic metric on the line bundle O(D). The space of 
quasi-algebraic metrized divisors on A is denoted by Car(X). 

Definition 3.3. Let A be a proper normal variety over K. The space of quasi- 
algebraic metrized M.- divisors on A is the quotient 



log||s£>(p)||, 




where ~ is the equivalence relation given by 'Ylii a i^i ~ Ylj PjEj if and only if 
J2i cy-iDi = J^j PjEj and, for each v G 971k, there is a dense open subset U v of A™ 
such that 




16 



BURGOS GIL, MORIWAKI, PHILIPPON, AND SOMBRA 



The function cng-^. v : U v — > M is called the v-adic Green function of D. An 

element of D £ Car(A)R is called a quasi- algebraic metrized W-divisor or, for short, 
a metrized ]3L-divisor. 

For v £ 2%, we can similarly define the space of w-adically metrized R-divisors 
on X, denoted by Car(A). Uj R. A w-adically metrized R-divisor D is called smooth 
or algebraic if it can be written as D — ^ctiDi with Di £ Car(A) 1 , smooth or 
algebraic, respectively. In each of these cases, it is called semipositive (smooth or 
algebraic) if it can be written as D = J2 a iDi, with a, > and Di £ Car(X)„ 
semipositive (smooth or algebraic). 

A rational function / £ K(X) X defines a metrized divisor 

div(/) = (div(/),{|| • ||/^}„ 6 ot k ), 

where {|| ■ ||/.t>}u is the metric on the line bundle C(div(/))^ n = Ox^ given by 
II-Mp)II/,i> = f° r ^ e £>x**> and p £ X% n . Hence, for v £ 2%, the u-adic 

Green function of div(/) is the function given by v {p) = — 1°S I/(p)I«- 

This construction defines a group morphism from div: K (X) x — > Car(X), which 
extends by linearity to a group morphism 

div: K{X)l -^ClTr(A) K . 

Lemma 3.4. Let v £ DJIk and (D, \\ ■ ||) a v-adically metrized R-divisor on X. Let 
r > 1 and consider a decomposition D = X)[=i a iA with cti £ R and Di £ Car (A). 
Then there are metrics \\ ■ || ; on 0(Di)^ n , i = 1, . . . , r, such that 

r 

(AIHI) = S> (A, II -Ik). 

i=l 

Proof. Set D = (D, \\ ■ \\) and let D — Y^j=i PjEj be a decomposition with f3j £ R 
and Ej £ Car(A) l) . We first consider the case when the decomposition is D = 0. 

Let {71,..., 7 r } be a basis of the Q- vector space generated by the numbers 
Pi,..., Pi- Write Pj = — n i,j7i witri n i-j e Z and m £ Z>i. Then 

— I s — 

i=l 

with Fi = ^jiiijEj £ Car(A)„. Since D = and 71,..., 7« are linearly in- 
dependent over Q, we deduce that Fj = for all i. Since 0(0)™ = Oxj», to 
give a metric || • || on this line bundle is equivalent to give the continuous function 
||1|| : X% n — > R>o- Therefore, we can gather together the different metrics || • ||f< 011 
©(Fj)™ with their coefficients, into a single metric on Oxj n given by 



nun 



^ |7»A 

i=l 



Then D = (0, || • ||), which finishes the proof in this case. 

We now consider the general case. Choose metrics || • \\[ on 0(Di)^ n and 
|| • ||j on 0(Di)l n , i = 2, ...,r, and denote by D x and Di the corresponding v- 
adically metrized divisors. By applying the previous case to the metrized R-divisor 
Y]j 0jEj — a\D 1 — ~Y^i—2 a iDi, we obtain a metric || • ||o on the trivial line bundle. 
Finally, we define a new metric on 0(Di)% n by || • ||i = ||l||j!/ Ql || ■ \\[ and we set 
Di = (Di, || • ||i). Hence D = Y^i=i a i-A proving the result. □ 
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Let D be a v-adically metrizcd R-divisor on X and s = (/, D) a rational R-section 
of D. Consider the function ||s|| given by 



\\s(p)\\ = \f(p)\v< 



where, if / = JT, /"% then \f(p)\ v is defined as fl i \fi{p)\y i - This function is well- 
defined on a dense open subset of X^ n . The following result shows that it can be 
extended everywhere outside the support of div(s). 

Proposition 3.5. Let v £ 9JIk and D a v-adically metrized W-divisor on X . Let 
s = (f,D) £ Rat(AT, D)£. Then \\s\\ can be extended to a continuous function from 
A„ an \|div( S )| toR >Q . 

Ln particular, the v-adic Green function gjy can be extended to a continuous 
function from X* n \\D\ to E. 

Proof. Write D = £[ =1 a 1 D l and / = rj* = i fj S with G R > A e Car(X)„ 

and /j G i4T(A) x . Let {7/}; be a basis of the Q-lincar space generated by the 
numbers ai, . . . , a r , fti, . . . , /3fc and write 

with m £ Z>i, £?i G Car(A) and 3/ € if(X) x . The pair s ; = {gi,Ei) defines a 
rational section of the Cartier divisor Ei. We have | div(s)| = (J ; | div(s/)| because 
the "fi are Q-linearly independent. 

By Lemma T3.41 there are v-adic metrics || • ||; on each Ei such that 



* — ' to 



with Ei = {Ei, || • ||;). The function ||s;||/ is continuous from X* D \ | div(s;)| to R> 
and there is an open dense subset U v C X^ n such that, for p £ U v , 



ism -nn s Kp)i 



7l A 



This latter function is well-defined outside Uz|div(s;)| = | div(s) | and gives the 
sought extension of ||s||. The second statement follows from the first one applied 
to the canonical section S£> = (1,D). □ 

The definition below introduces the notion of i>-adic metric of an R-divisor di- 
rectly, without passing through u-adic metrics on divisors as in Definition 13.31 The 
following proposition shows that both points of view are equivalent. 

Definition 3.6. Let D be an R-divisor on X and v £ 

(1) A v-adic Green function on D is a continuous function g: X^ n \ \D\ — > M 
such that, for each point p £ X^ n and a rational R-section s = (f, D) with 
p I div(s)|, the function g(p) — log |/(p)|t> can be extended to a continuous 
function in a neighbourhood of p. 

(2) A v-adic metric on D is an assignment that, to each rational R-section s 
associates a continuous function ||s|| : X% n \ | div(s)| — > R>o such that, for 
each A £ K(X)£, it holds ||(As)(p)|| = |A(p)|„||s(p)|| on an open dense 
subset of Xf 1 . 

Proposition 3.7. Let D be an R-divisor on X and v £ 9Hk- It is equivalent to 
choose a v-adically metrized R- divisor D over D, to choose a v-adic Green function 
for D, or to choose a v-adic metric on D. 
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Proof. Let D be a w-adically metrized R-divisor over D. The fact that g-jj is a v-adic 
Green function for D in the sense of Definition 13. 6lf Tj) follows from Proposition 13.51 
Now, if g is a v-adic Green function for D, the assignment that to each s = 
(f,D) £ Rat(A, _D)r associates the function 

\\s(p)\\ v = \f(p)\ v e-°W 

is a metric on D in the sense of Definition I3.6p j) 

Let now || • || be a metric on D. Choose a decomposition D = J^i a iT>i with 
ai £ R and A £ Car(A). For each i, choose a metric j| ■ ||j on 0(A)- Let 
/ 6 A(A) X and s 4 = (/,-, A) £ Rat(X, A)r and s = (/^ /f% A e Rat(X,D)J. 
It is easy to check that the formula 

IK/,o)|| = N|-niNr ai 

defines a metric on the trivial line bundle 0jf an - Denote by the zero divisor 
equipped with this metric. Then D = aiDi + is a u-adically metrized R-divisor 
in the sense of Definition 13.31 

If we apply cyclically this three constructions starting at any point, we obtain 
the identity, showing the equivalence of the three points of view. □ 

Remark 3.8. Since the points of view of metrized R-divisors, Green functions and 
metrics are equivalent, we will apply the introduced terminology to any of them. 
For instance, it makes sense to talk of algebraic or smooth metrics on an R-divisor. 

Let D be an R-divisor on X and v £ There is a natural action of C°(X^ n , R), 
the space of real- valued continuous functions on X% n , on the space of w-adic metrics 
on D. This action is given, for / £ C°(X£ n ,R), by the formula j | - 1 1 ■ — >- || • ||. By 
Proposition 13.71 this action might be equivalently written in terms of v-adic Green 
functions as gjy h-> gjy — f. From this description, the following corollary follows 
immediately. 

Corollary 3.9. Let D £ Car(X) R and v £ 9%. The action of C°{X* n ,R) on the 
space of v-adic metrics on D is free and transitive. 

Given two w-adic metrics || • || and || • ||' on D, the difference of their Green 
functions toji-n — gD,\\-\\' extends to a continuous function on X^ n . The distance 
between || • || and || • ||' is defined as 

dist(|| ■ ||, || • II') = sup \g D ,\\.\\(p) -flr»,||.||'(p)|- 

Corollary 3.10. Let D £ Cav(X)^ and v £ 9JIk- The space of v-adic metrics 
on D is complete with respect to the topology defined by dist. 

Proof. This follows immediately from Corollary 13.91 and the fact that the space 
C°(X™,R) is complete with respect to the uniform convergence of functions. □ 

Definition 3.11. Let D be an R-divisor on X. For v £ 9JIk, a u-adic metric || ■ | 
on D is semipositive if it is the limit of a sequence of scmipositivc smooth (in the 
Archimedean case) or algebraic (in the non- Archimedean case) metrics on D. 

A quasi-algebraic metric {|| • ||,;}„<=ot k on D is semipositive if || • ||„ is an semipos- 
itive u-adic metric for all v. A quasi-algebraic metrized R-divisor is DSP if there 
are semipositive metrized R-divisors D\, A on A such that D = D\ — A- 

Let Y be a d-dimensional cycle on X and v £ DJIk- Let Di, i = 0,...,d, 
be semipositive u-adically metrized R-divisors on X such that Do, . . . , Dd meet Y 
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properly in the sense that, for all I C {0, . . . , d}, every component of the intersection 

Ynf]\Di\ 

iei 

is of dimension d — jfl. The v-adic height of Y with respect to Dq, . . . , Dd, denoted 
h-jj jj (Y), is defined by multilincarity and continuity from the local height of 
a cycle with respect to scmipositive line bundles |BPS11I Definition 1.4.9]. These 
v-adic heights satisfy the Bezout formula 

(3-12) h So » d (Y)=h 15o Ts^fY-Di) 

- / log||su (J ||ci(Do)A--- Aci(£> d _i) A8 Y , 

where Ci(Do) A • • • A Ci(Ud-i) A Sy is the measure on X^ n defined by multilinearity 
and continuity from the corresponding measures associated to semipositive (smooth 
or algebraic) metrized line bundles. 

For semipositive metrized R-divisors Di € Car(X)R, i = 0, ...,d, the global 
height of Y with respect to Do, ■ • ■ , Dd, denoted by h-p o ^ (Y), can be defined 
from local heights similarly as in Definition 1.5.6 of loc. cit.. If Dq, . . . , Dd meet Y 
properly, then 

with K,D ,...,D d ( Y ') := \£>o,\\-\\v),...,(D d ,\\-\\v)( Y )- Fin ally, the notions of local and 
global heights of cycles extend to DSP metrized R-divisors by multilincarity. 

Next, we define arithmetic linear series, arithmetic volume and ^-arithmetic 
volume of a metrized R-divisor D on X , extending to our framework the previous 
definitions by Moriwaki and Yuan. Let s € T(X,D) X be a nonzero global section 
of D. For each place v, the function \\s\\ v : X* D \ | div(s)| — > R>o can be extended 
to a continuous function X^ n — > R>o because div(s) is effective. We set 

IMksup = Sup 

This induces a u-adic norm on the K„-vector space L(D) <E) K. v . The collection 
of norms {|| • ||„ jS up}« gives a structure of generically trivial adclic vector space on 
L(D), that wc denote by L(D). The small (respectively strictly small, strictly small 
on a set of places) elements of L(D) will be called small (respectively strictly small, 
strictly small on a set of places) sections. We write L(_D) = H°(L(D)) for the set of 
small sections of L(D) and we also set 1(D) = h°(L(D)) (Definition 12. 14|) . Hence, 



1(D) 



log(# L(Z))) if K is a number field, 

log(cfc) dimfc(L(Z?)) if K is a function field. 



Definition 3.13. The arithmetic volume and the \-arithmetic volume of a metrized 
R-divisor D on X are respectively defined as 

™\(X,D) = J-limsup- 



d K ^ 00 "£™+V(n + l)! : 
^(X,S) = i]imBup. mm 



XV ' ' d K ^Ji^/(n + l)V 

Remark 3.14. For metrized divisors on a variety over a number field, the limsup 
in the above definition is actually a limit jBCHI Theorems 2.8 and 3.1]. We will 
not use this fact in this text. 
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By extension, a global R-section s G T(X,D)^ is called small if ||s||^ jSU p < 1 for 
all v G 2%. The set of small elements of T(X, D)£ is denoted by T(X,~D)£ . 

A small R-section s of D is called strictly small if J\ v ll s ll™s U p < 1- If 5* C 2Tk 
is a finite set of places, the R-section s is strictly small on S if ||s||„. sup < 1 for all 
v G 5". 

Lemma [1.111 has the following useful consequence for the existence of small It- 
sections which are strictly small on a given set of places. 

Proposition 3.15. Let D be a mctrized W-divisor on X and s G T(X, £)) K a global 
^-section such that 

n !i s ii"iu P <i- 

Let S C OJIk fre o. finite subset and < ij < 1 a reaZ number. Then there is an integer 
do > 1 suc/i i/iai, /or eac/i £ > to, there exists on G K x swc/i i/iai ||a^s f ||„, sup < 1 
for all v G 9JIk flfid ||a^s ||u, S up < V f or a H v G 5. 

In particular, aes e G r(X, l!Z?)g is strictly small on S. 

Proof. This follows by applying Lemma ll.lll to the real numbers j v = ||s||« iSup . □ 

Lemma 3.16. Let D be a metrized divisor on X. If D has a strictly small K- 
section s, then there exists a positive integer i such that £D has a strictly small 
section so with | div(so)| = I div(s)|. 

Proof. Write s = (/, D) with / = JT^i ft where ai, . . . , ad arc Q-linearly inde- 
pendent real numbers and a\ G Q. The associated R-Weil divisor can be written 
down as [div(s)] = ■ TjZj with rj > and Zj an irreducible hypersurface. Then 

d 

| div(s)| ={Jz j = \ai div(/i) +D| U Q I div(/,)|- 

i »=2 

Let a: M d_1 -> Rat(X,D)g be the map defined by 

d 

cr(/3 2 ,...,^)=(/r-n/f'^)- 

i=2 

Then, for each /3 G R^ -1 , [div(<r(/3))] = J^j r j{fi)Zj where rj is an affine function. 
Consider the open polyhedral set 

A = {/3 G R^ 1 | rjifi) > for all j}. 

This set is nonempty because {012, ■ ■ ■ ,otd) G A. Let r: A — >• M be the function 
defined by 

t-03) = 1111^)11^- 

■u 

For v G 9Jt K , G A and < 6 < 1, 

Mep + (1 - 0)/?')IU,„ < lkC8)ll2» P ,«lkC9 , )llir P %. 

From this, we deduce that r is log-concave on A and, a fortiori, continuous. Since 
T(a 2 , ■ ■ ■ ,a d ) < 1, there exists (3 G A n such that r(/3) < 1. By Proposi- 

tion [3T5J there exists 7 G 1K X and a positive integer I such that so = 7<t(/3) £ is a 
strictly small section of £D. By construction, 

|div(*o)| = U^i = |div(s)|, 
3 

as stated. □ 
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We introduce the different notions of arithmetic positivity for a metrized R- 
divisor. 

Definition 3.17. Let X be a proper normal variety over K and D a metrized 
R-divisor on X. 

(1) D is generated by small R-sections if, for each p 6 X(K), there exists 
s = (/, D) e f(X,T>)£ such that p | div(s)|. 

(2) D is ample if the following conditions hold: 

(a) the R-divisor D is ample; 

(b) the metric is semipositivc; 

(c) for each M £ Car(X)ffi there exists an £q such that, for all real numbers 
£ > £o, the metrized R-divisor M+£D is generated by small R-sections. 

(3) D is nef if the following conditions hold: 

(a) the R-divisor D is nef; 

(b) the metric is semipositivc; 

(c) for every point p £ X(K) it holds h-^{p) > 0. 

(4) D is big if vol(X,D) > 0. 

(5) D is pseudo- effective if there exists a birational map (p : X' — > X of normal 
proper varieties over K and a metrized R-divisor E on X' such that £tp* D + 
E is big for all £ > 1. 

(6) D is effective if (1,L>) £ L(S). Given R-divisors Di,D 2 on X, the fact 
that D\ — £>2 is effective is denoted by D\ > D-2- 

The notion of metrized R-divisor contains that of arithmetic R-divisor introduced 
by Moriwaki [MorllcJ . 

Example 3.18. Let X be normal projective flat scheme over Z with smooth generic 
fiber X = X x Spec(Q). An arithmetic R-Cartier divisor on A" is a pair T> = (T>, g) 
where V is an R-Cartier divisor on X and g is a locally DSP real function on X(C) 
that is invariant under complex conjugation. Let D be the restriction of T> to X. 
The function g is called a Green function for D of C° -type (respectively C°°-type, 
PSH-type) if, for every p £ X(C), it can be locally written as 

k 

g(x) = u(x) +Y / (-a l )\og\f l (x)\ 2 , 

i=l 

where D = X)i=i a iDi is the decomposition of D into irreducible components, fa 
is a local equation for Di, and u is a continuous function (respectively a smooth 
function, a plurisubharmonic function). If g is a Green function of C°-type (re- 
spectively C°°-type, PSH-type), then D = (T),g) is called an arithmetic divisor of 
C°-type (respectively C°°-type, PSH-type). 

On the one hand, extending the method of Zhang [Zha95b (see also [BPS11I 
§1.3]) to R-Cartier divisors, the integral model T> defines an algebraic w-adic metric 
on D for each place v £ DJIq \ {oo}. On the other hand, if g is a Green function 
for D of C°-type, then the function ^9 is an oo-adic Green function for D which, 
by Proposition [37T1 induces an oo-adic metric on D, The factor 1/2 comes from the 
different normalization of Green functions in [GS90j and |Bur97] . 

Therefore, each arithmetic R-divisor T> of C°-type defines a quasi-algebraic 
metrized R-divisor on X that we denote by D. The metrized R-divisors that arise 
in this way are called algebraic. 

We now discuss the relationship between the different positivity notions for 
arithmetic R-divisors that appear in [Morllc] and those in the present text. Let 
T> = {D,g) be an arithmetic R-divisor of C°-type and D its associated algebraic 
metrized R-divisor. 
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(1) V is of PSH-type if and only the oo-adic metric induced by its Green 
function is semipositive. 

(2) If the K-divisor T> is relatively nef, then the induced w-adic metrics are 
semipositive for all v ^ oo. The converse of this result is not established 
yet, except in the case of equal characteristic zero [BFJ11I Theorem 2.17]. 

(3) D is effective (respectively big, pseudo-effective) in the sense of [Morllc] if 
and only if D is effective (respectively big, pseudo-effective) in the sense of 
Definition 15371 

(4) If T> is nef in the sense of [M orllcl §6.1] then D is nef in the sense of 
Definition 13.171 The converse is not known because the converse of is 
not known. 

(5) If T> is of C°°-type, then it is ample in the sense of [Morllcl §6.1] if and 
only if D is ample in the sense of the present text. However, the definition 
of ampleness in loc. cit. includes being of C°°-type, while in the present 
text an ample metrized R-divisor is not necessarily of C°°-type. 

The following statements contain some of the basic properties of metrized R- 
divisors. 

Proposition 3.19. Let D be an ample metrized W-divisor on X . Then 

(1) D is generated by strictly small R-sections; 

(2) for all subvarieties Y of X^, it holds hjy(Y) > 0. 

Proof. (H|) Let vo <E 9JIk and consider the trivial divisor <E Car(X) with the metric 
defined by ||1||„ = 1 for v ^ v o and ||1||„ = 2. By the ampleness of D, there exists 
£ > such that + ID is generated by small R-sections. These small R-sections 
are strictly small R-sections of £D, which proves the statement. 

© We prove this by induction on d = dim(F). Consider first the case d = 0. 
Let Y = {p} where p is a point defined over a finite extension F of K. By (fTJ), there 
is a strictly small R-section s of D such that p ^ | div(s)|. Then 

h Tj(p) = - n w \og\\s(p)\\ w > 0. 

wem F 

Assume now that Y is a subvariety of dimension d > 1 defined over F. Let s be a 
strictly small R-section of D which meets Y properly. By Bezout's formula (|3.12[) . 



h^(y) = %(F • div s) - y~] n w / log \\s\\ w ci(D, 



) Ad A<5v 



Y ■ 

Since D is ample, Y-div(s) is a nonzero (d— l)-dimensional effective cycle. Applying 
linearity and the induction hypothesis, hjy(Y -div s) > 0. The fact that the metric is 
semipositive implies that, for each w € 2%, the signed measure c\{D, \\ ■ || w ) Ad A Sy 
is positive and its total mass is deg D (Y). Therefore 

h 7j( r ) >~ n w f log Ml* ci(D,|| ■ |W Ad A<5y 

>-J2 niologNksup / ci(£>,|| • \\ w ) Ad A8 Y > 0, 

since s is a strictly small R-section and the last integral is equal to deg D (Y) for 
all w. □ 

Remark 3.20. In [Zha95a , Zhang proved a Nakai-Moishezon numerical criterion 
of arithmetic ampleness in the form of a converse to Proposition ^. 19t f2")) for Hermit- 
ian line bundles, under some technical hypothesis. It would be interesting to know 
if such a result is true in full generality for metrized R-divisors. Namely: let D be 
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an semipositive metrized R-divisor such that h-jy(Y) > for all effective cycles Y 
of X. Is it true that D is ample? 

Lemma 3.21. Let D be a metrized R-divisor on X . 

(1) Let Lp: Z — > X be a birational morphism of normal proper varieties over K. 
Then 

vol(X,D) = vol(Z,ip*D). 
Ln particular, D is big if and only if Lp* D is big. 

(2) // D is big and E G Car(X) has a small section, then D + E is big. 

(3) If IqD is big for some £q > 1, then D is big. 

Proof. (P) Let s = (f,D) G T(X,D) X . Then div(s) = div(/) + D is effective and 
so div((p*s) = Lp* div(s) is also effective. Hence, (p*s = (f ° <p, <P*D) G T(Z, <p*D) x . 
Thus, there is a well-defined map 

Lp*: T(X,D) X -> T(Z,(p*D) x . 

We claim that this map is a bijection. The injectivity is clear because the map 
/ i-> / o op is a bijection between K(X) x and K{Z) x . Let now s = (/ o Lp, p*D) £ 
T(Z,Lp*D) x and set s' = (f,D) e R&t(X,D) x . Let [div(s)] be the R-Weil divisor 
associated to div(s). Since div(s) is effective, the same is true for [div(s)]. Since X 
is normal and Z is proper, for each codimension one point x G X^ there is a 
neighbourhood U of x and a section tp: U — > Z of Lp [EGAI II, 7.3.5]. This implies 
that [div(s')] is effective. By [E&&1 IV, (21.6.9.1)], it follows that div(s') is effective 
and so s' £ T(X, D) x , proving the claim. 

Given s G T(X, D) x , then ||s||„, sup = ||<^*s||„, SU p for all v and so ip* induces an 
isomorphism between L(D) and ~L(lp*D). Hence vol(X, D) = vol(Z,tp*D), which 
proves the first statement. 

([2]) Let so be a small section of E. There is an injective map 

L(£D)^L(£(D + E)) 

given by SqS. Hence, vo\(X, D + E) > vol(X, D) and the statement follows. 
([3]) Assume that £qD is big. We have that 

i ,. . i ,. KioiD) 

■ lim sup r- > — — hm sup ■ 



d K ^oo" l n+1 /{n + 1)! " d K t-^o (i e) n+1 /(n + 1)! ' 
Hence, vol(X, D) > vol(X, t Q D) /£% +1 > and so D is big. □ 

Proposition 3.22. Let D be a pseudo- effective metrized R-divisor on X , -0 : X" 
X a birational map of normal proper varieties over K, and A an ample metrized 
divisor on X" . Then £ip*D + A is big for all £ > 1. 

Proof. By the pseudo-effectiveness of D, there is a birational map Lp: X ' X from 
a normal proper variety X' and a metrized divisor E on X' such that q(p*D + E 
is big for all q > 1. Consider the fibre product of X' and X" over X and the 
corresponding commutative diagram of varieties 




where p\ and pi are birational maps. Set <f> = Lp o p\. The map <f>: Y — > X is 
birational. Since A is ample, p*,A is big, which implies that there is an integer 
jo ^ 1 such that j§p\A — p\E has a nonzero section sq. 
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Let S C 9JTk be a finite subset such that ||so|| SU p,u < 1 for all v £ S. Let 
r] = (sup veS \\sq\\ «,sup) _1 - Combining Proposition ^. 19t[ T|). Lemma 13. 161 and Propo- 
sition I5T51 we deduce that there exists ji > 1 and a small section si of jip 2 A such 
that ||si||„, SU p < rj for v £ S. Hence, s\Sq is a small section of (jo + j-ijp^A — p*E. 

Set j 2 = jo Then 

j 2 (£cf>*D + P * 2 A) = (j 2 £cf>*D + p\E) + [j 2 p* 2 A - p\E). 

Since (j 2 £(j)* D + p\E) = p\(j 2 £tf*D + E), this is a big metrized R-divisor thanks to 
Lemma r3.21[ fTj). Lcmma r3.21[ [2"j) and the fact that j 2 p 2 A — p\E has a small section 
imply that j 2 (l$*T> + p%A) is big. By Lemma [321112]) , £(j)*D+p*A = p^(£ip*D + A) 
is big. By Lemma l3~2"Tl fl"j). we conclude that £ip*D + A is big. □ 

In [Morllbj . Moriwaki proposed an extension of Dirichlct's unit theorem to the 
higher-dimensional case. The following is the natural extension of this question to 
our more general setting. 

Question 3.23. (Dirichlet's unit theorem) Let K be an A- field, X a normal proper 
variety over K and D a metrized R-divisor on X . Are the following conditions ([T]) 
and ([2|) equivalent? 

(1) D is pseudo-effective; 

(2) there exists f £ K(X)£ such thatD + div(f) > 0. 

In the setting of Question 13.231 the classical Dirichlet's unit theorem shows up 
when considering the zero-dimensional case. Let K be an A-field and S C 9Hk a 
finite subset containing the Archimedean places. Let Us be the group of S-units 
of IK and H$ the hyperplanc of M. s defined by X^es n v£,v = 0. The adclic version 
of Dirichlct's unit theorem states that the regulator map Us C3>z R — > Hs given by 
u i — ^ (log |u|,j)u£s is an isomorphism [Wei741 Chapter IV, §4, Theorem 9]. 

Let now X = Spec(K), D = the zero divisor on X and (£, v )v£S S Hs- We 
put = for v ^ S. Each gives a w-adic Green function for D and we 
denote by D the associated metrized divisor. It can be verified that this metrized 
divisor is pseudo-effective (see for instance Theorem I6.1t| 4"]0. Condition @ for D 
is equivalent to the existence of u E K x ®i R such that f u — log > for all v. 
Since Yl v n v log \u\ v = = ^2 v n v ^ v because of the product formula, the previous 
inequality forces log \u\ v = for all places and, in particular, u € (7s®zK. Hence, 
the implication (Q[])^>([2) m Question 13.231 is equivalent to the surjectivity of the 
regulator map in Dirichlet's unit theorem. 

In higher dimension, the fact that @ implies ((T|) follows from the facts that 
effective metrized R-divisors are pseudo-effective and that pseudo-effectiveness is 
invariant with respect to linear equivalence. Moriwaki has proven the reverse im- 
plication when X is smooth and projective, D is numerically trivial and the metrics 
at the finite places come from a common normal projective model over Ok [Mori lb] . 

Remark 3.24. If IK is a general function field, the answer is "no", simply because 
the analogue of the classical Dirichlet's unit theorem does not hold. The simplest 
example is the following. Let C be an elliptic curve over a field k of characteristic 
zero, K = K(C) and X = Spec(K). Let I? be a divisor of degree zero on C whose 
class in the Picard group is non-torsion and let D be the corresponding metrized 
R-divisor on X. Then D is pseudo-effective but there is no / € K(X)^ such that 
-D + div(/) > 0. Assume that such / exists. Then X> + div(/) would be effective and 
of degree 0. Hence 2?+div(/) = 0. Since V is a divisor the previous equation implies 
that we can find ajg K(X) X and m E 1>\ with rriD + div(<?) = 0. Therefore the 
class of T> in the Picard group is torsion, contradicting the hypothesis. 
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In Sj7]we will show that, for toric varieties, the answer to Question l3.23l is positive. 
We now turn our attention towards the approximation of pseudo-effective and 
big divisors by nef and ample ones. 

Definition 3.25. Let X be a normal proper variety over K and D a pseudo- 
effective metrized R-divisor on X. A Zariski decomposition of D is a birational 
map tp : X' — > X of normal proper varieties over K and a decomposition 

tp*D = P + E 

with P,E £ Car(X') K such that P is nef, E is effective and vol(X', P) = vol(X, D) . 

Sometimes it is convenient to consider the following variant. 

Definition 3.26. Let X be a normal proper variety over K and D a pscudo- 
effective metrized R-divisor on X. Let T(D) be the set of pairs (ip,P), where 
tp: X' — > X is a birational map of normal proper varieties over K and P is a 
nef metrized R-divisor on X 1 such that tp*D — P > 0. On T(D) we consider 
the equivalence relation (tp, P) ~ (tpi,P\) whenever there exists a commutative 
diagram of birational morphisms 




such that v*P = v\P\. On the set of equivalence classes T(D)/ ~, we consider 
the order relation given by [(tp, P)\ < [(tpi,Pi)] whenever there is a commutative 
diagram of birational maps as above with v*P < v\P\. 

The strong Zariski decomposition of D is the greatest element of T(D)/ ~, if it 
exists. 

If D is a big metrized R-divisor on X, then a strong Zariski decomposition of 
D gives a Zariski decomposition in the sense of Definition 13.251 |M orl2bl Proposi- 
tion B.I]. 

Question 3.27. Let D be a pseudo-effective metrized M.-divisor on X. When 
does D admit a Zariski decomposition or a strong Zariski decomposition? 

In [Morllcj . Moriwaki showed that a strong Zariski decomposition of D exists 
if K is a number field, X is a curve, D is big and the metrics at the finite places 
come from a common normal projective model over Ok- In higher dimension, it 
is not true that every big metrized R-divisor admits a Zariski decomposition. In- 
deed, there are examples of toric big metrized divisors on P 2 that do not admit 
a Zariski decomposition and, a fortiori, do not admit a strong Zariski decomposi- 
tion [Mori lb] . In we will consider toric Zariski decompositions and toric strong 
Zariski decompositions, and we will give a criterion for such decompositions to ex- 
ist. Furthermore, in $5] we will show that, under some hypothesis, the existence 
of a non-necessarily toric Zariski decomposition of a big toric metrized R-divisor 
implies the existence of a toric one. 

In the absence of a Zariski decomposition, one can ask for the existence of a 
Fujita approximation. 

Question 3.28. (Fujita approximation) Let D be a big metrized 13L-divisor on X . 
Let e > be a positive real number. Does there exist a birational proper map 
tp: X' — > X and metrized M.-divisors A, E £ Car(X')R such that A is ample, E is 
effective, 

tp*D = A + E and vol(X',A) > vol(X,D) - el 
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The existence of an arithmetic Fujita approximation was independently obtained 
by Yuan |Yua09a] and by Chen |ChelOj in the case when K is a number field, D is 
a divisor and the metrics at the infinite places are smooth and those at the finite 
places come from a common projective model over Ok- More recently, Boucksom 
and Chen [BCllj have given a more elementary proof of this fact. 

In |J7] we will give a proof of the Fujita approximation theorem for big toric 
metrizcd R-divisors on a toric variety. 

4. Toric metrized R-divisors 

In this section, we recall the necessary background on the algebraic and arith- 
metic geometry of toric varieties from jBPSll] and we extend some of the results 
in this reference to toric metrized R-di visors. We will follow the notations and 
conventions in [BPS11, Chapters 3 and 4]. 

Let N ~ Z™ be a lattice and M = N v the dual lattice. Set N R = N ® R and 
Mr = M (g> R. The pairing between x G Mr and u G TVr is denoted by (x, u). 

Let if be a field and set T = Spec (if [M]) ~ GJ^ for the split torus over K 
corresponding to N . Let £ be a complete (rational) fan on Am and X^ the proper 
toric variety over K defined by E. We write X = Xy, for short. This is a normal 
variety of dimension n with an open dense immersion T <—} X and an action of T 
on X that extends the action of T on itself by translations. 

The toric variety X has a distinguished point xq in its principal open subset Xq, 
corresponding to the unit of the torus T. A toric line bundle is a line bundle L on X 
together with the choice of a nonzero point Zq G L Xo [BPS111 Definition 3.3.4]. A 
toric section of L is a section s that is regular and nowhere vanishing on the principal 
open subset Xq, and such that s(xq) = Zq. If (L,s) is a toric line bundle with a 
toric section, then div(s) is a toric divisor jBPSHI Theorem 3.3.7]. Conversely, 
given a toric divisor D on X, the line bundle O(D) is a subsheaf of tCx and the 
rational function 1 G K(X) provides a distinguished rational section srj of O(D) 
such that div(s£>) = D. This section does not vanish on Xq and so (O(D), Sn{xo)) 
is a toric line bundle. The correspondence D n- ((O(D), Sd(xo)), sd) is the inverse 
of the correspondence defined by (L, s) H> div(s). Thus, the languages of toric line 
bundles with toric sections and that of toric divisors are equivalent. In the sequel, 
we will mostly use the latter and, more generally, that of R-divisors. We denote by 
Carf(Y) the group of toric divisors on the toric variety X. 

Definition 4.1. An M.-virtual support function on X is a function \1/ on TVr such 
that, for each cone a £ S, there exists m a G Mr such that ^{u) = {m a ,u) for all 
u G a. A set of functionals {m ff } a£ 2 as above is called a set of defining vectors 
of ^ . If we can choose m a G M for all c, then "J is called a virtual support function 
on S. We respectively denote by VSF(E) and by VSF(E)r the spaces of virtual 
support functions and of R- virtual support functions. 

A concave virtual support function (respectively, R-virtual support function) on 
£ is called a support function (respectively, an R- support function) on S. We denote 
by SF(S) the semigroup of support functions on E and by SF(S)r the convex cone 
of R-support functions on E. 

To a toric divisor D one associates a virtual support function, denoted ^d, in 
the following way: for each a G E, there is m a G M such that D = div(x -m ") 
on the affine open set X a . Then, {m a }cr is a set of defining vectors for typ- The 
correspondence D i— > is an isomorphism of Z-modulcs between Carj(A) and 
VSF(E). 
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Definition 4.2. A toric R-divisor on A is a finite linear combination 

i 

with a.i £ K and Di a toric divisor. To a toric R-divisor D as above, we associate 
the R- virtual support function ^ d = X^i &i^Di- We set 

Car T (A) K = Car T (A)® z R 
for the linear space of toric R-divisors on A. 

There is a group morphism M — > K(X) X given by m 4 x™i where \ m <= 
Hom(T, G m ) is the character corresponding to to. By linearity, we can extend it 
to a group morphism Mr — > K(X)£ . We also denote by \ m the image of m under 
this map. Composing with the map div, each element m £ Mr gives rise to a 
toric R-divisor div(x m ). For m £ Mr, we set s m = (x m ,D) for the corresponding 
rational R-section of D. 

Proposition 4.3. The correspondence D t— > ^ d is an isomorphism of linear spaces 
between Caij^X)^ and VSF(E)r. 

Proof. The correspondence D i— > typ is an isomorphism of Z- modules between 
Ca,rj(X) and VSF(E). Hence, it also defines an isomorphism between Car^A^R 
and VSF(E) ®z R. The space VSF(E)r can be identified with the linear subspacc 
of ILeX" M » defined by 

(4.4) {{m a ) a | to ct - m T £ {a n r)^ for all <r,r G E n }. 

This subspace is defined over Q because the fan E is rational, and its restriction 
t0 Ekes- M a g rees with VSF(E). Hence, VSF(E) R = VSF(E) ®z R, which proves 
the statement. □ 

Definition 4.5. A nonempty compact subset C C Mr is called a quasi-rational 
polytope if there are Uj £ Nq and 7j £ M, j = 1, . . . , I, such that 

C = {x£ Mr I (x, Uj") > 7j, j = 1, . . . , Z}. 

Let Ec denote the normal fan of C . We say that C is compatible with E whenever 
E refines Ec- 

To a toric R-divisor D on X we associate the subset of Mr defined as 

A D = stable), 



the stability set of ^>d (Definition lA.l[) . This set is either empty or a quasi-rational 
polytope compatible with E. It encodes a lot of information about the geometry 
of the pair (A, D). For instance, each element m £ Ap n M gives a toric section 
s m = (x"\D) £ r(A, D) x . Analogously, each m £ Ap defines a toric R-section 
s m £ r(A, D)£. The set {s m }meA n nM is a basis of L(D). The proofs of these 
statements are the same as those for Cartier divisors |Ful93l §3]. 

Proposition 4.6. Let D be a toric M.-divisor on A. Then 

vol(X,D)=n\vol M (A D ), 

where voIm is the Haar measure o/Mr normalized so that M has covolume 1. 

Proof. We have that 

vol A,Z> = to ^— f = n! km ^ — " L = n \vol M (A M ). 

□ 

Proposition 4.7. Let D be a toric M.-divisor on A. Then 
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(1) D is ample if and only if ^ d is strictly concave. 

(2) The following conditions are equivalent: 

(a) D is nef; 

(b) H>d is concave; 

(c) there exists a finite number of nef divisors Di on X and on > such 
that D =Y^i c«iA- 

(3) If D is nef, then deg D (X) = n\ vo\m (Ad). 

Proof. ([T]) A toric divisor is ample if and only if its corresponding function is strictly 
concave. Hence, a toric K-di visor D is ample if and only if $o is a linear combina- 
tion, with positive real coefficients, of strictly concave support functions. For each 
cone o~ £ £ n , choose u a £ ri(er) n N, where ri(cr) denotes the relative interior of a. 
Using the identification in (|4.4p . we see that 

SF(E) R = {{m a ) a | (m a -m Tl u a ) < for all a, t e X™} 

is a convex rational polyhedral cone in VSF(E)r. Its interior 

SF(£) R = {(m CT ) CT | (m CT — m T ,u a ) < for all a, r G S™ such that a ^ r} 

can be identified with the subset of IR-support functions that are strictly concave 
on S. Hence, any strictly concave M-support function can be written as a linear 
combination with positive real coefficients of strictly concave support functions, 
which proves the statement. 

© The equivalence of (|2a[) and (|2b[) can be proved as in the case of divisors, 
see for instance [CLS111 Theorem 6.1.12]. The equivalence between (|2b|) and (f2"c)) 
follows from the facts that a toric divisor is nef if and only if its corresponding 
function lies in SF(S) and that SF(£)n is a convex rational polyhedral cone. 

© This formula is well-known for toric divisors. Using ©, the general case 
follows from this one together with the multilinearity of the mixed degree and of 
the mixed volume. □ 

The set of quasi-rational polytopcs of A/r which arc compatible with £ forms a 
convex cone with respect to the multiplication by scalars in M>o and the Minkowski 
sum of sets. 

Proposition 4.8. The correspondence D \— > Ac gives an isomorphism between 
the convex cone of nef toric W-divisors on X and the convex cone of quasi-rational 
polytopes compatible with S. 

Proof. Let A € K>o and two conic concave functions on A*r ( Appendix [A"|) . 
Then 

stab(A^) = Astab(*), stab(* + $) = stab(*) + stab($). 

Hence, the map ^ — > stab('I') is an isomorphism between the convex cone of conic 
concave functions on A^r and that of convex bodies. This isomorphism sends SF(S)u 
onto the convex cone of quasi-rational polytopes compatible with S. The statement 
follows easily from this since, by propositions 14. 31 and 14. 7t [2"]l . the convex cone of nef 
toric M-divisors is in one-to-one correspondence with SF(S)r. □ 

Proposition 4.9. Let D be a toric M.-divisor on X . 

(1) The following conditions are equivalent: 

(a) D is big; 

(b) there exists m £ Mr such that ^d(u) < (m, u) for all u £ Ar \ {0}; 

(c) dim(A£i) = n. 

(2) The following conditions are equivalent: 

(a) D is pseudo-effective; 

(b) there exists m £ Mr such that 4* d(u) < (m, u) for all u £ Ar; 
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(c) A D ^0. 

(3) D is effective if and only if^D < or, equivalently, if and only if £ Ad- 

(4) Let P be a neftoric W-divisor on X. Then D > P if and only if Ad D Ap. 

Proof. (H|) Clearly, (|lb[) and (fTc|) are equivalent. In case D is a divisor, Proposi- 
tion djJl implies that (|la.|) and (|Tc)) arc equivalent. 

Assume D is a big K-divisor and write D = ^2 a . CKj-Dj with on > and -D; big. 
Then there exist mj € Mr such that VE"^ (u) < (mi,u) for all u € A^r \ {0}. Setting 
m = ^ aiiUi, we have that ^£>(u) < (m, u) for all u £ N^\{0}, which proves l|lb|). 

Conversely, the set 

C = e VSF(S) K I 3m € Mr such that < (m, u) for all u £ N R \ {0}} 

is an open convex cone. Let D be an R-divisor such that ^ d & C. Since VSF(S) 
is dense in VSF(£)r, there exist a finite number of functions £ Cn VSF(S) and 
positive real numbers on such that ^ d = J^. a^,;. For each i, let -D,; be the divisor 
corresponding to ^j. Then D = ^ a a^Di. Hence, D is big since each P>i is big. 
This proves the statement. 

([2]) Let <y9: X' — > X be a birational toric map and B a toric effective big M-divisor 
on X'. 

Suppose first that A V * D = A D ^ and let I > 0. By Lemma lA~2i |T|) . 

A? v *d+b 3 Ae v *D + Ab- 

By ([T]), the polytope has dimension n and so does A^ v * d+b- Hence, £<p*D + B 
is big for all integers I > and so D is pseudo-effective. 

Conversely, suppose that D is pseudo-effective. By an argument similar to the 
one in the proof of Proposition 13.221 one can verify that the R-divisor £(p*D + B is 
big for all i > 1. Hence, Ai^d+b is of dimension n and, in particular, nonempty 
By Lemma IA~5l |T|). 

A D = A V , D = P| A v , d+ i b . 

e>o 

Hence, this polytope is nonempty, since it is the intersection of nested compact 
sets. 

(J3|) Assume that D is effective and write D = J2i a i^i with on > and Di an 
effective divisor. Then £ Arj i for all i. By Lemma [A.2lf T|). 

^2aiA Dt = ^2 a i stab(*D l ) C stab(*u) = A D . 

i i 

Hence, £ Ad or, equivalently, ^ d < 0. 

Conversely, the set of functions ^ £ VSF(£)r such that ^ < forms a ra- 
tional convex cone. Hence, if ^ d < then there is a finite number of functions 
£ VSF(S) such that < and on > such that ^ D = ^ a,*,. Each ^ 
corresponds to a toric divisor Di and D — J2i a iDi- Each Di is effective and so 
is D. 

(g|) Suppose that D > P. Then ^ D -p < 0, which is equivalent to ^ D < v£» P . 
Hence, Ad D Ap. Conversely, suppose that Ad D Ap. Then Ac ^ 0, since P 
is nef and Ad contains Ap. Hence, the support function V^Ad coincides with the 
concave envelope of ^d- Then ^d < ti B < ^a p = i &p, which proves ^ d-p < 
and D > P. □ 

In the toric case, the geometric analogues of Dirichlet's unit theorem (Ques- 
tion [3T23J , Zariski decomposition fQucstion 13 . 27[) and Fujita approximation theo- 
rem (Question 13. 28p are easy to treat, and all three admit a positive answer. Note 
however that the notion of toric strong Zariski decomposition that appears in the 
proposition below is weaker than the strong Zariski decomposition. 
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Proposition 4.10. Let D be a toric 'R-divisor on X. 

(1) D is pseudo-effective if and only if there exists m G Ap, such that 

D + div( X m ) > 0. 

(2) Assume that D is pseudo-effective. Then there exist a birational toric map 
if: X' — > X of proper toric varieties and toric divisors P, E £ Cai^X 1 )^ 
such that P is nef E is effective, 

tp*D = P + E and vol(X, P) = vol(X, D). 

Moreover, for any other birational toric map ip± : X[ — > X of proper toric 
varieties and a decomposition (p*D = Pi + E\ with P\,E\ G Cai'T^Om 
such that P\ is nef and E\ is effective, there are proper birational toric 
maps v: X" — > X' and v\ \ X" — > X' x of proper toric varieties satisfying 
v*P > i/fP 1 . 

(3) Assume that D is big and let e > 0. Then there exist a birational toric map 
ip: X' — > X of proper toric varieties and A,E£ CarT(A')u such that A is 
ample, E is effective, 

ip*D = A + E and vo\(X, A) > vo\(X, D) - e. 

Proof. ([T]) By Proposition 14. 9p |). D is pseudo-effective if and only if ^ o — m < 
for some m € Mr. But $>£> — m = ^ D+div( x m ) an d> by Proposition I4.9[ [3")). the 
previous condition is equivalent to the fact that D + div(x m ) > 0. 

© By Proposition US®, A D ^ 0. Let E' be a refinement of £ compatible 
with Ad. Let ip: X' — > X be the corresponding birational toric map of proper 
toric varieties. Let P be the nef toric R-divisor on X' associated to Ad under the 
correspondence in Proposition ^. 81 Set E = ip*D — P. By Proposition I4.9l| 4l . E is 
effective and, by Proposition 14.61 vol(X',P) = vo\(X, D). Furthermore, let X[, Pi 
and Ei as in the statement. Let Ei be the fan that determines X[. Let E" be a 
common refinement of E, E' and E' x and let v: X" —> X' and vi : X" — > X[ be the 
associated proper birational toric maps. By Proposition I4.9t| 4|) . Ap 1 C Ad = Ap 
and, by the same result, v*P > v\Pi. 

([3]) Let E' be a regular refinement of E. The toric variety X 1 := X-£> is projective 
and there is a birational toric map <p: X' — > X. Let D' be an ample toric R-divisor 
on X' . Let P be the nef R-divisor on X given by ©, for which we have Ap = Apj. 
Let < A < 1 and S > such that 

(4.11) AA D + 5A D , c A D , vo\ M {XA D + 6A D .) > vol M (A D ) - 

n\ 

Set A = \tp*P+8D' and E = ip*D-A. By PropositionOl A A = \A V * P + 5A D , C 
Ap, = A v *p>. Proposition I4.9t |4^) then implies that E is effective. The virtual 
support function corresponding to A is A^p + (5<J p>i , which is strictly concave 
on E'. Hence, A is ample. Finally, Proposition 14.61 together with (|4. 1 1 [) show 
vo\(X', A) > volpf , D)-e. □ 

Let K be a global field and A' a proper toric variety over K of dimension n. For 
each place v e 2%, we associate to the algebraic torus T an analytic space T™. 
We denote by its compact torus. In the Archimedean case, it is isomorphic 
to (S* 1 )". In the non- Archimedean case, it is a compact analytic group, see [BPS11I 
Example 1.2.3] for a description. 

Definition 4.12. A u-adically metrized R-divisor D = (D,\\ ■ j|) on X is toric 
if D is a toric R-divisor and its Green function is invariant with respect to the 
action of S^ n . To a toric w-adically metrized M-divisor D as above, we associate the 
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function ipjj: Ar — > R denned, for u £ ./Vr, by 



9d(p) 



for any p £ Xg" such that val v (p) = u. We will alternatively denote this function 
by 

A quasi-algebraic metrized R-divisor D on X is toric if (D, \\ ■ \\ v ) is a toric v- 
adically metrized R-divisor for all v £ 9Kk. For each place v, we denote by ipp v 
the function associated to the toric w-adically metrized R-divisor (D,\\ ■ \\ v ). A 
toric quasi- algebraic metrized R-divisor is also called a toric metrized W-divisor, for 
short. 

We denote by C&tt(X)^ v and Ca.Tj(X)^ the spaces of toric w-adically metrized 
R-divisors on X and of toric metrized R-divisors on X. 

Let Di £ CarT(A)n and a, t £ R, % = 1, 2, and v £ DJIk- It is immediate from the 
definitions that 

( 4 - 13 ) ^ ai D 1+ a 2 B 2 ,v = + a ^D 2 ,v 

Remark 4.14. When D is the metrized R-divisor associated to the toric line 
bundle with section (L, s), the function ipp corresponds to the function ipj^ S1J in 
the notation of jBPSHI Definition 4.2.3]. 

Let D be a toric divisor on X and v £ 971k. Recall that D has a canonical v-adic 
metric, denoted || • ||u )V) can jBPSHI Proposition-Definition 4.2.8]. The function 
associated to this metric agrees with the virtual support function We extend 
this construction to toric R-divisors. 

Definition 4.15. Let D be a toric R-divisor on X and v £ 9Hk. Write D = 
J2i a iDi with a i € K an( i Di a toric divisor. For each i, let |j • Hn^^can be the 
canonical u-adic metric on Di and write Di tVfCan = (D i: \\ ■ ||D i)W , C an)- We define 

i 

and we denote by || • ||_D jt ,. C an the corresponding v-adic canonical metric on D. This 
is a toric v-adic metric on D and ipjj =^d- In particular, it is independent of 
the chosen decomposition of D. 

The following result extends |BPS11[ Proposition 4.2.4 and Theorem 4.8.3] to 
toric R-divisors. As explained in [BPS11I §4.1], the variety with corners As is a 
compactification of the vector space Nr and, for each v £ 9JIk, there is a proper 
map of topological spaces val„ : X% n —> As ■ 

Proposition 4.16. Let D be a toric M.-divisor on X . 

(1) Let v £ 9Hk- The correspondence \\ ■ || i— > "00.11-11 is a bijection between the 
set of toric v-adic metrics on D and the set of functions ip'- Ar ~~ ^ R such 
that ip — ^ d extends to a continuous function on Ny, ■ 

(2) The correspondence {|| • ||„}ueOT K M- {V , D,||-|L}«eaJt K is a bijection between 
the set of quasi- algebraic toric metrics on D and the set of families of 
functions ip v : Ar — > R such that ip v — ^ d extends to a continuous function 
on As for all v, and ip v = ^S> d for all but a finite number of v. 



Proof. For the local case, Corollarv l3.9l together with the properties of the canonical 
v-adic metric of D implies that the map 

II ' II 1 ► .9-D, INI — <?-D,l),can 
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gives a bijection between the space of toric u-adic metrics on D and that of 
continuous S™-invariant functions on X* n . We have that gD.\\-\\ — gD,v,can = 
— ^v{ipD,\\-\\ — v E , L>)oval„. Since the map vah, : X% n — > Ns is proper, the S™-invariant 
functions on X® n are in one-to-one correspondence with continuous functions on 

The global case follows from this together with Theorem 4.8.3 in loc. cit.. □ 

Let D be a toric metrized M-divisor on X and v G 9Hk- By Proposition 14. 16[f T|) . 
the function ip-p is asymptotically conic (Definition IA.3|) and its stability set is 
Ad, since it agrees with that of ^d- 

Definition 4.17. Let D be a toric metrized K-divisor on X. For each v G SDIk, 
the v-adic roof function of D is the concave function on Ajj defined as 

see Definition IA.1I The (global) roof function of D is defined as 

Remark 4.18. In [BPS11, Definition 5.1.5], the v-adic roof function is defined only 
for toric semipositive metrized line bundles with a toric section. Definition 14.171 
extends this definition to arbitrary toric metrized R-divisors. 

The following result extends |BPS11I Theorem 4.7.1] to toric K-divisors. 

Proposition 4.19. Let D be a toric M.-divisor on X . 

(1) Let v G DJIk- The maps || ■ || H- iJjd,\\-\\ an d II ' II ^ ^AIHI are bijections 
between the set of toric semipositive v-adic metrics on D and, on one hand, 
the set of concave functions ip : iVm — > R such that \ip— ^ d\ is bounded and, 
on the other hand, the set of continuous concave functions on Ad- 

(2) The maps { \\- \\ v }vem K >-> {^D,\\-\\ v }vemt x and {\\-\\v}vemt x >-» {^D,\\-\\ v }vetm K 
are bijections between the set of toric semipositive metrics on D and, on 
one hand, the set of families of concave functions {?p v : TVr — > M.} v such that 
\^>v ~^d\ is bounded for all v and ip v = ^ d for all but a finite number of v 
and, on the other hand, the set of families of continuous concave functions 
{$ v : Ad — ¥ R}t, such that -d v = for all but a finite number of v. 

Proof. By |BPS11[ Propositions 2.5.17(2) and 2.5.20], the first and the second part 
of both statements are equivalent. 

For the local case, choose e > and let || • ||' be a (non necessarily toric) semi- 
positive (smooth or algebraic) metric on D such that 

dist(|| -||, || ■!!')<£• 

Set D = {D, || • |j') and write D = Y^i a iT^i with on > and D i a semipositive 
(smooth or algebraic) metrized divisor on X. 

For each i, let || • \\' itoI be the toric metric on D\ obtained from the metric of 

D\ by averaging of the metric along the fibres of the map vah : Xq — > as in 
[BPS11I propositions 4.3.4 and 4.4.12]. Write T)' i tm . = {D l: || • ||^ or ). This is a toric 
semipositive (smooth or algebraic) metrized divisor and so 

— / v - — / 

^Aor := / , a »^ ) i,tor 

i 

is a toric semipositive (smooth or algebraic) metrized divisor. Since || • |j is S^ n - 
invariant, it results that dist(|| • ||, || • ||t or ) < e. Hence, 

sup \i!jd(u) - 4>d' (u)\ < e/X v . 
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By propositions 4.3.1 and 4.6.1 in loc. tit., the functions %j>^i are concave, and 
so is 'fag since oti > for all i. Letting e — > 0, we conclude that ipjy is concave. 

Conversely, let ip: Nj; — > R be a concave function such that tp — ^u is bounded. 
Let e > 0. By |BPS11I Proposition 2.5.20(2)], there is a piecewise affine concave 
function f : Ac — > R such that 

sup |0 v (x) — C(ar) | < t-- 

l£A D Ay 

By the density of Q, we can choose £ defined by a finite number of affine maps with 
rational coefficients. Its Legendre-Fenchel dual <fi = £ v is a piecewise affine concave 
function on a rational polyhedral complex n such that 

sup | ip{u) — 4>(u)\ < — . 

Arguing as in the proof of |BPS11I Theorem 3.7.3] , we can assume that the recession 
of II agrees with E. 

Let V(H) denote the space of piecewise affine functions on II and C(LT) C V(H) 
the subset of concave functions. The space V(U) can be identified with the linear 
subspace of IlAen'* (-^ R x ®) gi ven by 

{("i A ,7A) Ae n" | (m A ,u) +7a = (m A ',u)+j A ' for u G An A', for all A, A' G n"}. 

This is a finite-dimensional linear subspace defined over Q. For each A G 11™, choose 
a point ma G ri(A) n Nq. Then 

C(n) = {(to a ,7a)a G P(n) | (m A ,u A ) + 7A < (mA',UA> +7A' for all A, A' G IF}. 

This is a cone of "P(II) given by a rational H-representation (see [BPS111 Chapter 
2]). Hence, it admits a rational V- representation. This implies that there exist a 
finite number of H-lattice piecewise affine concave functions 4n G C(II) and positive 
real numbers on such that 

i 

For each i, set = rec(0j), the recession function of fa (Dcfinition lA.Sp . This is a 
support function on S and so it corresponds to a toric divisor on X, that we denote 
by A- 

In the non- Archimedean case, [BPS11I Corollary 4.4.9] implies that there exists a 
semipositive algebraic metric || • || j on Di such that ip Dj _ || . y . = fa. Set Di = (Dj, \\-\\i) 

and D = ^ i Q(jZ)j. This gives a semipositive algebraic w-adic metric || • ||' on D 
and 

dist(|| • ||, || • ||') = X v sup \ip(u) - fau)\ < e. 

In the Archimedean case, Theorem 4.7.1 in loc. cit. implies that there exists a 
semipositive smooth metric || ■ ||, on Dj such that \fa — ii.il | < e/2X v . Let || ■ ||" 
denote the induced semipositive smooth metric on D. Then 

dist(|| • ||, || • ||") = X v sup \ip(u) - ipD i ,\\-\\i(' u )\ < £ - 
The global case follows from the local one and Proposition 14. 16t l2"j). □ 

Let Y be a d-dimensional cycle on X and Di, i = 0, . . . ,d, semipositive toric 
metrized R-divisors on X. For a place v G the v-adic toric height of Y 

with respect to D , . . . , Dd, denoted h* ^ (Y), is defined from the v-adic toric 
height of a cycle f |BPSlll Definition 5.1.1]) with respect to semipositive toric line 
bundles by multilinearity and continuity. 
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The global height of Y can be computed as 

ve*m K 

This follows easily from the analogous statement for semipositive toric line bundles, 
see Proposition 5.2.4 in loc. cit.. 

Recall that there is a one-to-one, dimension reversing, correspondence between 
the cones of £ and the orbits of the action of T on X . Given a cone a £ S, we 
denote by 0(a) the corresponding orbit and by V(a) its closure. Recall also that, 
given a support function ^ on E, we can associate to each cone a £ S a face, 
denoted F a , of the polytope stab('I'). 

Proposition 4.20. Let D be a toric semipositive metrized W-divisor on X and 
a £ £ a cone of codimension d. Then, for v £ 9JIk.- 

K°W^)) = ( d + !) ! / dvol M(FJ 

J Fa 

and 

ho(V(a)) = (d+l)\ f %dvol A/(fV) , 

where M(F a ) is the lattice induced by M on the affine space generated by F a and 
vo1m(_f„) is the Haar measure on that affine space such that the covolume of M(F a ) 
is one. 

In particular, 

h^pf) = (n+l)! / %dvol M . 

Proof. For the local case, let v £ 9JIk. Consider first the case when the metric 
|| • \\ v is smooth semipositive, if v is Archimedean, or algebraic semipositive, if v is 
ultrametric. Write 

D = aiDi 

i 

with Di a T-divisor on X with a semipositive (smooth or algebraic) metric, and 
on > 0. For each Di, the formula follows from BP S11I Proposition 5.1.11]. It 
follows for D by the multilinearity of the toric local height and of the mixed integral 
of concave functions with respect to the sup-convolution. 

For a semipositive D, the formula follows from the continuity of the toric local 
height with respect to dist, which follows from loc. cit., Theorem 1.4.15(4), and 
from the continuity of the Legendre-Fenchel duality with respect to the uniform 
convergence (loc. cit., Proposition 2.2.3). 

The global case follows by adding up all local toric heights. □ 

Remark 4.21. As in [BPSlll Corollary 5.1.9 and Theorem 5.2.5] one can express 
the mixed u-adic toric height and the mixed global height of toric metrized R- 
divisors in terms of mixed integrals. 

5. Small sections, arithmetic and x-arithmetic volumes of toric 

metrized k-divisors 

In this section, we give formulae for the arithmetic and the x-arithmctic volumes 
of a toric metrized M-divisor in terms of its global roof function. We keep the 
notations of the previous section. In particular, A" is a proper toric variety of 
dimension n over a global field K. 

We show first how the positivity of the roof function determines the existence of 
small toric sections. 
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Proposition 5.1. Let D be a toric metrized R-divisor on X. For t > 1 and 

m G too we set s m G T(X, £D)^ for the corresponding R-section. 

(1) Let v£ 97l K - TTierc - log ||s m ||„ iSUp = ld^ v {m/i). 

(2) If fi^m/i) > 0, then there exists e > 1 and 7 G K x smc/i that "fs^ G 
V{X,elD)l. 

Proof. We compute 

%„(m/f) = A„4(m/£) 

= A w inf ((m/£,u) -i^ v (u)) 

= \ ( - log lx m (^)| + <?£d,>)) 
= -7- sup log||s m (a;)||„ 



— log||Smlksup, 



-1 

I 

which proves the first statement. The second statement follows from the first, using 
Lemma 11.111 as in the proof of Proposition 13.151 □ 



Next we show that, for every place, the basis of toric global sections is orthogonal 
with respect to the sup-norm. 

Proposition 5.2. Let D be a toric metrized W-divisor. Then, for all v G 971k, the 
set {s m } mS A D nA/ i s ^ n orthogonal basis ofL(D) with respect to the norm \\ ■ || „ ;Sup . 

Proof. Fix an integral basis of N so that there is an isomorphisms N ~ Z" ~ M. 
Let v € 2% and choose an integer r > 1 such that Ao C [— r, r] n and, if v is 
non- Archimedean, such that |2r + 1|„ = 1. After possibly taking a finite extension 
of K, we may assume that K„ contains a primitive root of 1 of order 2r + 1, which 
we denote by oj. For every a = (a±, . . . , a n ) G [— r, r] n f~l N we consider the element 
t a = (ui ai , . . . ,w a ") G §™. Such an element determines an automorphism of A™. 
Let s = (f, D) G L(D) be a global section. Then t* a s G L(£>) since D is toric. For 

IIOIU(p) = |/(t« *p)|„e-**.» = |/(*a *p)|«e-^.«^ = |M|„(t„ *p) 
because of the §^ n -invariance of || • ||„. Hence, 

(5.3) ||f* s IU,sup = Sup ||t*s||„(p) = Sup ||sm* a *P) = ||s||t),sup- 

Write 

S ^ ^Ym^tn 

m€A D n*f 

with 7 m G K. For convenience, we also put 7 m = for m G ([— r, r] n \ Ad) n M. 
Then, for a G [-r,r]' 1 n N, 

t* t s = ^2 l m t* a s m = ^ X m {t a )j m s m = ^2 w <a,m> 7 m s m . 
m£[-r,r]"nM m m 

Consider the matrix Q = (u)( a < m ') a , m . Its inverse is given by 

fr 1 = (2r + ir n (w~ <a ' m> ) . 

v ! V /m,a 

Therefore, for 771 6 [— r, r] n fl M, 

lms m = (2r+l)- n uj-^ m h* aS . 

a£[—r,r] n nN 
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If v is Archimedean, 

bmsJksup < (2r + 1)" max ||(2r + l)- n u)-( a > m h* a s\\ v , sup = max \\t* a s\\ v . 

a a 

while, if v is non- Archimedean, 

HlmSmlksup < max|j(2r + 1) — ^u/ - <*»■'"*> t* s || v , sup = max ||i*s||„. sup . 

a 

In both cases, we deduce from (|5.3p that 



max || ^fui Sm || v, sup ^ || 5 1| sup- 
ra £ Ad HM 

Hence, {s m }meA D nM is an orthogonal basis of L(Z?) with respect to || • H^sup for 
all v. □ 

Corollary 5.4. Let D be a toric M.-divisor on X and s <E L(£>). Write 

m€A D nJlf 

zot£/i 7 m € K. // v is Archimedean, then 

max ||'7m s m || u,sup — ||s||u,sup 

< #(A D n M) max H^m^mllv, sup; 

while, if v is non-Archimedean, 

H'^ll'UjSup max Ikm^m ||u,sup- 

mGAoHM 

Proof. The upper bound for ||s||„ jSup follows from the triangle inequality, in the 
Archimedean case, and from the ultrametric inequality, in the non- Archimedean 
case. The remaining inequality follows from Proposition [521 O 

Corollary 5.5. Let D be a toric metrized W-divisor and s G L(D). Write 

m€A D nJlf 

with 7 m G IK. Then "f m s m G L(Z?) for all m G PI M. 

Proof. This follows immediately from Corollary 15.41 □ 
Let D be a toric R-divisor on A and consider the set 
Gj}={xeA D \ > 0}. 

If 6-q 0, it is a convex subset of A^>. 

Theorem 5.6. Let D be a toric metrized ISl-divisor. Then the arithmetic volume 
of D is given by 

vol(X,D) = {n + 1)! / max(0, %) dvol M = (n + 1)1 / % dvol M , 

while the x~ ar i>thmetic volume of D is given by 

vol x (X,D) = (n + 1)! / % dvoLi/ • 

J A D 

Proof. We consider first the case when K is a number field. Let £ > 1 and set 
A = Ad for short. For each m € £A fl M, we consider the Stjc-divisors c m and c' m 
given by, for w|co, 

log(c m ,„) = - log ||s m ||„, sup , log(c^ ll ) = - log ||s m ||„, sup - log(#(£A n M)) 
and, for v \ oo, 

log || S m || u,sup 



log(c m ,„) = log(c' ) = \ v 
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By Corollary [5H1 

L(4) Sro cLp)c L(c m ) Sm . 

mSfArW melAnM 

Observe that, by the quasi-algebricity of the metric, there exists a finite set S C SDTk 
such that, for all v ^ S, we have that c TOi „ = cj n „ = 1 for alii > 1 and m <G £AnM. 
With Proposition l5.1t fTj). this implies that 

dei(c m ) = d K &%(m/£) + 0(1), dei«J = d K £%(m/£) + 0(log(f)). 
Applying Lemma H. 101 we deduce that 

l(W)-d K e max(0,%(m/£)) = 0(*"log(i)). 



ra££AnJl/ 



Therefore, 



vol(X, D) =4- limsup „ n~77~^ , m 



=(n+l)! limsup (i £ max(0,%(m/*)) + °(^)) 

=(n + 1)! / max(0,i%) dvol M . 
J A 

We next prove the formula for the x-arithmetic volume. Using propositions [5 
[2T241 and lOfT]) . we see that 

^x(L(£D)) = ^ ]T n„log(|| Sm ||-L p ) + 0(#(MnM)log(#(MnM))) 

= E E «^%, t ,W^) + o(rio g (£)) 
= ^%W^) + o(rio g (£)). 



Therefore, 



vol x (X,D) = (n+l)!H m su P (i ]T %(m/£) + O ) 



mS^AnM 

= (n + 1)! / %dvol M . 



A 



We consider next the function field case. Let 7r : B — > C be a dominant morphism 
of smooth projective curves and consider the function field IK = K(B) with the 
adelic structure defined in Example II .31 Let I > 1. For each m <G £A n M, consider 
the Dtic-divisor given by 



log(c m ,„) = A„ 



log 1 1 s, 



Xv 



and let D(c m ) be the associated Weil divisor of B. Observe that, for 7 m <G K, we 
have that log \j m \ v < - log ||s ro ||„ iSup if and only if ord„(7 m ) + p lo sll^lk a u P j > q 
Hence, this condition holds for all v if and only if div(7 m ) + D(c m ) > 0, namely, if 
and only if 7 m £ L(D(c m )). Corollary 15.41 and equation (|1.9I) then show 

W~D)= L(£>(c m ))s m = L(c m )s ro . 
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As in the number field case, there is a finite subset S C 9Hk independent of t, that 
contains the support of D(c m ) for all m. Therefore, Proposition 15 . 1 t[ T|) imply 

deg(c TO ) = -d K ^2n v log ||s m ||„ )Sup + 0(1) = rf K ^%(m/^) + 0(1). 

V 

Applying Lemma [T .101 we deduce that 

l(W)-d K £ max(0, %(m/£)) =0(£ n ). 

metAnM 

Therefore, vo\(X,D) = (n + 1)1 f A max(0, "tf-p) dvoljvfj as stated. The formula for 
vol x (X,D) can be proved using the same approach as for the case of a number 
field. □ 

Remark 5.7. Usually, the computation of the arithmetic volume is done by com- 
paring the sup-norm with the L 2 -norm with the help of Gromov's inequality, and 
then using the fact that the L 2 -norm is a Hcrmitian norm, see for instance |GS88j . 
Here, we bypass the use of the L 2 -norm with the fact that the basis of toric sec- 
tions is orthogonal with respect to the sup-norm for all places, both Archimedean 
or ultrametric. 

Corollary 5.8. Let D be a toric metrized M-divisor on X . 

(1) vo\ x (X, D) < vo\(X,D), with equality if and only if i}jy(x) > for all 
x G A D . 

(2) If the metric is semipositive, then vol x (X,D) = hjj(X). 

Proof. This follows easily from Theorem 15.61 together with Proposition 14.201 for 
©. □ 

The next examples shows that the x-arithmetic volume and the height may differ 
when D is not semipositive. 

Example 5.9. Let X = Pq and D = the zero divisor equipped with a smooth 
toric metric at the Archimedean place and with the canonical metric at the non- 
Archimedean places. The associate functions are 



D.v 



f if v = oo, 
if v 7^ oo, 



for a bounded smooth function / : R — > R. 

We have that Ad — {0} and so vol x (X, D) = thanks to Theorem 15.61 For 
the height, we first note that lim^i^^ f'(u) = 0, which follows from the fact that 
the metric corresponding to the Archimedean place is smooth. Then, the Bezout 
formula gives 

h-uix) = h n (div00) - J2 [ lo § INI ci(0(x>), II ■ \\v) = I ff" du. 

Integrating by parts, we obtain that 

/ //" du = Iff] - f iff du=- f {f'f du. 

JR 1 J -°° JR JR 

Hence, 

hjyiX) = - f (/') 2 du < 0, 
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with equality if and only / is constant. Since / is bounded on R, this last condition 
is equivalent to the fact that / is concave or, equivalently, that D is semipositive. 
Therefore, 

(5.10) hjyiX) <™l x (X,D), 

with equality if and only if D is semipositive. 

Example 5.11. Let X = Pq and D = 0. Let g: R 2 -> R 2 be the support function 
of the standard simplex of A 2 . Let r G R>o and f T : R 2 — > R be the function 
defined by / r (wi,w 2 ) = s( u i — T i u 2— t) for (ui,v,2) G R 2 . 

Let «i, «2 be two different places of (Q) and ti, t 2 G R>o- Consider the toric metric 
on I? given, under the correspondence in Proposition 14. 16"Ij 2l) . by 

{g-f Tl tfv = vx, 
fr 2 -g itv = v 2 , 
otherwise. 

The obtained metric is DSP, since each ip v is a difference of concave functions. 

By Theorem 15.61 vol x (X, D) = since the polytope associated to D is a point. 
For the height, we have h-^X) = h^ (X)+h^ (X). By jBPSlll Remark 5.1.10], 
the quantity \ Vl (X) can be computed as 

(5.12) MI(g\ g\ 5 V ) - 3 MI(/^ , g\ 3 V ) + 3 MI(/* , , 3 V ) - MI(/^ , , /V), 

where MI denotes the mixed integral of concave functions, see |BPS111 Defini- 
tion 2.7.16]. We have that f^ 1 (xi,X2) = t\(x\ + x 2 ) and g^(xi,X2) = for 
(xi,x 2 ) € A 2 . Hence, 

Ml(g\ g\ ff v ) = 3! / 5 V = 0, MI(/* , # , / T V J = 3! / = 2 n 

and, using the definition of the mixed integral and computing the relevant sup- 
convolutions, we can verify that 

MI(/; 1)5 V , 5 V ) = n, ML(%JZ>9 V ) = 2n. 

The formula (j5"J2"j) then implies that hj? (X) = X Vl n. Similarly, b|f (X) = 
(— 1) 3 A„ 2 T2 = -A U2 t 2 . Hence, 

Varying t\ and r 2 , this height can be any real number. 

Remark 5.13. It would be interesting to see if the inequality (|5.10[) holds for any 
toric DSP metrized R-divisor on Fq. Example 15.111 shows that in dimension 2 and 
in the absence of approachability, there is no relation between the height and the 
^-arithmetic volume. 

6. POSITIVITY PROPERTIES OF TORIC METRIZED R-DIVISORS 

In this section, we give criteria for the different positivity conditions for toric 
metrized R-divisors. 

Theorem 6.1. Let D be a toric metrized R-divisor on X and Ajj — > R its 
global roof function. 

(1) D is ample if and only if^D is strictly concave on S, the function tpo v * s 
concave for all v G SDTkj and > for all x G Ad; 

(2) D is nef if and only if ipjj is concave for all v G SOTk and i9jy{x) > for 
all x G Ad ; 
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(3) D is big if and only if dini(A£>) = n and there exists x £ Ab such that 
%(.t) > 0; 

(4) D is pseudo-effective if and only if there exists x £ Ac such that "djy{x) > 0; 

(5) D is effective if and only if £ Ac and $jj v {0) > for all v G 9Hk- 

Proof. Write & = and A = stab('I') for short. We start by proving ([1}. By 
Proposition I4.7tp ~|). D is (geometrically) ample if and only if is strictly concave 
on £ and, by Proposition ^. 19p |). the metric of D is semipositive if and only if 
is concave for all v. Thus it only remains to prove that, under the assumption that 
D is ample and D semipositive, the ampleness of D is equivalent to the positivity 
of %. 

Assume that D is ample. Let mo be a vertex of A and po £ A(K) its corre- 
sponding T- invariant point. By propositions 13. 19t f2"j) and 14.201 

< h-p(po) = %(m ). 

By the concavity of fljy, we deduce that "djy(x) > for all x £ A. 

Conversely, assume that fijy is positive on A. Let M be a metrized R-divisor on 
X. Since D is ample, there is a positive integer £' such that M + £' D is generated 
by R-sections. Let si,...,s r be a set of generating R-sections. By the quasi- 
algcbraicity of the metrics, ||sj||„. sup = 1 for all v outside a finite subset S C 9Hk- 
Put 

7] = minmin 1 1 Si 1 1 ~ * . 

Let mi, . . . , mi be the vertices of A and s mj the M-section of D corresponding to 
m,j. By Proposition 15 . 1 t fTj) and the hypothesis that is positive, 

ni! s ™,ii"; S up = e-^ ) <i. 

V 

Therefore, we can apply Proposition ^. 15l to each s mj to obtain £q > 1 and a.j £ K x 
such that, for each I > £ + £' and j = 1, ■ • • , r, 



\ a j s m,j II v, sup 



< 1 iiv^S, 

< r/ if v € 5. 



The set of global sections ctjSiS l m l , i = 1, . . . , r, j = 1, . . . , Z, generates the R- 
divisor M + £D = (M + £' D) + {I- £')D. Moreover, for v E S, 

\\ a j S i S nij II", sup < ll s i||f .supll^jS^. H^sup < "(] 1] = 1, 

while WajSiS^f Ik'.sup < 1, for v S. Thus M+£D is generated by small R-sections 
and D is ample, finishing the proof of (fTJ. 

We next prove By Proposition 14. 7p |) . the R-divisor D is nef if and only if ^ 
is concave and, by Proposition ^. 19p |) . D is semipositive if and only if the functions 
ip-p are concave for all v. We are reduced to show that, under the assumption that 
D is nef and that D is semipositive, D being nef is equivalent to the nonnegativity 
of%. 

Assume that D is nef. As in the first part of the ample case, let mo be a 
vertex of A and po £ A(K) a T-invariant closed point corresponding to mo. By 
Proposition ^. 201 

< hubo) = <%Oo)- 
By the concavity of #p we deduce "djj(x) > for all x G A. 

Conversely, assume that is nonnegative and let p £ X(¥) be a F-rational 
point for a finite extension F of K. Suppose that p lies in an orbit 0(a) for a 
cone a £ S. Choose a point m a in the face F a of A corresponding to a. Then 
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div(s miT ) = D + div(x m,T ) meets the closure V(a) properly, and so we can restrict 
this R-divisor to V(a). Set d' = D + <Sv( X m ")- Then 

hn(p) = h 5 /(p) = h^ |vw (p). 

Furthermore, the roof function ; coincides, up to translation by m CT , with 

the restriction , by the analogue for K-divisors of |BPS11I Proposition 4.7.3]. 

Thus, we are reduced to prove the nonnegativity of the height for points in the 
principal orbit. Let ra 6 A and s m be the corresponding monomial R-section. 
Since p lies in the principal orbit, it is not contained in the support of div(s m ). 
Then, using Proposition 15 . 1 [f l]) . 

% (p) = ~ Uw log i 1 Sm fr) ii w - X] _nw log 1 1 s,n 1 1 u '- su p 

= n ^D,w( m ) = n v&D tV (rn) = %(m) > 0, 

which concludes the proof of © . 

The statement ^ is a direct consequence of Theorem 15.61 and the definition of 
big mctrizcd R-divisor. 

We now prove By the toric Chow lemma, there is a birational toric map 
ip: X' — > X with X' projective. Let A be an effective ample toric divisor on X' 
and write <£> = if? a and T = Aa = stab($) for the corresponding support function 
and polytope. By Proposition l43I[3"j) . $ < 0. 

Choose Do G 971k and consider the toric metric on A given by the family of 
functions 




$-1 if v = v , 
$ otherwise. 



Denote by A the obtained toric metrized divisor. We have that 4% = 1 if v = Vq 
and 4>v = otherwise. Hence, for any igT, 

$a( x ) = /.nyXyCpyix) = n Vo X Va > 0. 

V 

By (HJ, A is ample. 

Suppose that D is pseudo-effective. By Proposition ^. 221 the metrized R-divisor 
£ip*D + A is big for all £ > 1. The virtual support function and the polytope 
corresponding to this divisor are £if? + $ and st&b(£if? + $), respectively. Write 
ipv = ip~o v for convenience. For v G 971k, the function associated to the w-adic 
metric on this R-divisor is £tp v + <f> v , and the w-adic roof function is A v (£i/) v + </> t ,) v . 

Set A^ = j stab^f + $) = stab (ip v + \<j) v ) and & Vti = \ v (ip v + j^f '. Then, 
for x G Ai, 

\ v (£ip v + <j> v ) v (£x) = M v , e (x). 

Set = n„i?„.f. Since £ip*D + A is toric and big, by ©, there exists a e Aj 
such that d^xg) > 0. 

By Proposition ^. 16lf T|) . the functions ip v and <p v are asymptotically conic and, by 
construction, G stab(</>„). Since by Lemma rA.5t| Tj) one has Ag D A^+i for £ > 1, 
the sequence {xg)i lies in the polytope Ai. By choosing a convergent subsequence, 
we can assume that it converges to a point Xoo G By Lemma [A.51fTj) . G A 

and, by Lemma EU®, for £' > £ , 

t? ,/(a?i') > 6vA x i') > 0o,i'(a*')- 
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Hence, l di{xi') > $i'(xg>) > 0. By continuity, ^(xoo) = lim^_ ) . 00 fl^xgi) > 0. 
Applying again Lemma lA~5i[ 2"j) . 

$d(xoo) = }n v \ v ip^ (xoo) = n v lim ^((xoo) = lim > 0, 

* — ' z — * i— too i— >oo 

V V 

which proves the statement . 

Conversely, suppose now that there exists x G A with $jy{x) > maximal. 
In particular, A ^ 0. The virtual support function corresponding to the R-divisor 
£ip*D+A is equal to By Lemma L\~2lfTj) . stab(£*+$) D £A+T. In particular, 

this is a polytope of dimension n. Furthermore, for v G 9JTk, the corresponding 
function is £ip v + <j> v . Applying Lemma IA.2[ f2"j) , we deduce that 

(ifa + ^(ex) > ((^) v E $)(£x) = l^(x) + <fi(0). 

Hence, 

^e v -D+A^ x ) = 2jn^A^(^ + cj) v ) v (ex) 

V 

> J2n v X v (£^(x) + $f(0)) > + n„ A, > 0. 

V 

By ([3]), this implies that £(p*D + A is big and therefore D is pseudo-effective. 

We finally prove ([5]). The metrized R-divisor D is effective if and only if D is 
effective and sd is small which, by propositions 14.91( 31) and IS.IIf TT). is equivalent to 
the fact that G A D and % (0) > 0, for all v G SDTk- □ 

Corollary 6.2. Lei -D 6e an semipositive toric metrized H-divisor on X. Then 
h-jj(X) = vol(A, D) if and only if D is nef. 

Proof. This follows easily from Proposition 14.201 and theorems 15.61 and I6.1t| 2l . □ 

We also obtain the following arithmetic analogue of the Nakai-Moishezon crite- 
rion for toric varieties. 

Corollary 6.3. Let D be an semipositive toric metrized H-divisor on X . 

(1) If D is nef the following conditions are equivalent: 

(a) D is nef; 

(b) hp(p) > for every T-invariant point p; 

(c) h-jj(y) > for every subvariety Y of X^- 

(2) // D is ample, the following conditions are equivalent: 

(a) D is ample; 

(b) hp(p) > for every T-invariant point p; 

(c) hjy(Y) > for every subvariety Y of Xw. 

Proof. We first prove ((T|) . The equivalence between (|lal) and (|Ib[) follows from the 
proof of Theorem 16. 1 p i). 

It is clear that (fTc|) implies (|Ib[) . For the converse, let Y be a subvariety of X 
defined over a finite extension F of IK. Using the same argument as in the proof of 
Theorem 16 . 1 t[2j) . we reduce to points in the principal orbit and we assume that Y 
meets this principal orbit. 

We prove that h-p(Y) > by induction on the dimension of Y. The 0-dimensional 
case follows from the fact that D is nef. Assume now that Y has dimension 
d > 1. Let m G A and s m the corresponding toric M-section of D. By Bczout 
formula ([332"]) . 

hjj(Y) = hjj(Y • div(s TO )) - Uw I lo § H s '»ll- Cl ^' I' ' H-) Ad A 6y - 
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We have that hjy(Y ■ divs m ) > by the inductive hypothesis, and observe that 
1 1 Sm 1 1 io < ||sm||«j,sup- The fact that the metric is semipositive implies that, for each 
W G 971f, the signed measure Ci(D, \\ ■ \\ w ) Ad A 5y is nonnegativc and of total mass 
deg D (Y), Using Proposition 15 . 1 t [T|) . 



hu(r) > - n u, f log||s m |U, SU p ci{p, II • IU) Ad A Sy 



= E n w ^Jm)deg D (Y) = ^(m)de gD (Y). 

Theorem 16.1© implies that ??^j(m) > 0, which concludes the proof of ©. The 
proof of © can be done similarly. □ 

Proposition 6.4. Let D, E be two toric metrized ^-divisors on a toric variety X 
such that E is semipositive. The following conditions are equivalent: 

(1) D>E; 

(2) fn,v ^ ^e,v f° r al1 v e ^k; 

(3) Ag C Ac and #g v (x) < §j=j v {x) for all x £ Ae and v £ 2%- 

Proof. © © We have that D > E if and only if the M-section Sp_g is small. 
This is equivalent to the fact that, for v € DRk, ifoj-Ts v i u ) < for all u G N^, 
which in turn is equivalent to ip^ v (u) > ipjj v {u) for all u. 

© => © By considering the corresponding recession functions, we deduce that 
^e(u) > ^E , d(m) for all u, which implies that 

A E = {x E Mr I (x, u) > for all u G N m } 

C {x G M R I (x, u) > ^ D (u) for all u G N m } = A D . 

Similarly, for x G A^, 

© =>■ © Let v G 971k- Since is semipositive, the function is concave and 
so A„V>7?,, = ^ • The fact that < ^„ on A s implies that ^ > ^ on 

"te,v E,v ti,v — JJ,u 1 B,!) — D.u 

A/ffi. Moreover, 

where conc(V^j „) denotes the concave envelope of the function tpp v ( Appendix [X]). 
Hence ipE v — ^15 v i w hich concludes the proof. □ 

Example 6.5. This example is due to Moriwaki [MorllaJ . Let X = Pq with 
homogeneous coordinates (zq : ■ ■ ■ : z n ) and D = div(zo). Then X is a toric variety 
and D is a toric divisor corresponding to the support function \I/ : R 71 — » R given 
by 

*(ui,...,u„) = min(0,ui,...,M„). 

Let a = (aoi ■ ■ ■ ,ct n ) be a collection of positive real numbers. Consider the toric 
semipositive metric on D given, under the correspondence in Proposition 14. 16© . 
by the family of functions 

[ =± log(a + ai e~ 2ui H ha„e~ 2u ™) if v = oo, 

I ^ otherwise. 

For u = oo, this metric agrees with the weighted Fubini-Study metric 
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For the non- Archimedean places, it agrees with the canonical metric and is induced 
by the canonical model Op?(l). We denote D a this toric metrized divisor. 

Let {ei, . . . , e„} be the standard basis of Mr = (R n ) v = R n and (xi, . . . , x n ) 
the coordinates of a point x € Mr. Set also eo = and xq = 1 — X^Xi- The 
polytope A = stab('I') is the standard simplex of R™. Computing as in jBPSHI 
Example 2.4.3], one sees that the local roof functions are given, for (xi, . . . , x n ) E A, 
by 

ir S"=o x i l°&( x i/ a i) a v = oo 

otherwise. 



This is an adelic family of concave functions on A. By loc. cit., Theorem 4.7.1(1), 
the metrized divisor D a is semipositivc. Its roof function is 

-1 n 

&D a ( x l>---, x n) = — y^Zi \0g(x l /a l ). 

i=0 

This function satisfies #jj (e,) = (1/2) log(aj), i — 0, . . . ,n, and 

sup 1% (x) = - log(a H h a„). 

Write 6 a = {i 6 A #p (x) > 0}. From Theorem 16.11 we deduce part of the 
main result of |Morlla] : 

(1) D a is ample if and only if a, > 1, i = 0, . . . , n; 

(2) D a is nef if and only if Oj > 1, i = 0, . . . , n; 

(3) D a is big if and only if J2i a i > 1) 

(4) D a is pseudo-effective if and only if J^i 

(5) D a is effective if and only if ao > 1. 
By [BPS11I Theorem 5.2.5] and Theorem \5M 

r i " / i i 

h^ (X) = vol x (X, D a ) = {n+l)\ % a dvol = - ^ log(a i ) + ^ - 

jA 1 i=0 V 3=1 J 

Apparently, there is no such a simple formula for the arithmetic volume 
vol(X,D a ) = (n+1)! / % dvol. 

7. Toric versions of Dirichlet's unit theorem, Zariski decomposition 

and fujita approximation 

In this section, we give a complete answer to questions 13. 231 and 13. 281 in the toric 
case and a partial answer to Question l3.27l Namely, we give a criterion for when a 
toric Zariski decomposition or a strong toric Zariski decomposition exists. We will 
show in <J5]that, for big toric arithmetic M-divisors and under some restrictions, the 
existence of a non-necessarily toric Zariski decomposition implies the existence of 
a toric one. 

Definition 7.1. Let A be a proper toric variety over K and D a toric metrized 
M-divisor on A. A toric Zariski decomposition of D is a Zariski decomposition 
ip*D = P + E such that ip is a birational toric map of proper toric varieties and P 
(hence E) is a toric metrized R-divisor. 

We denote by Tj(D) C T(D) the subset formed by the elements (ip,P), with 
(p a proper birational toric map of proper toric varieties and P a toric metrized 
R-divisor. The equivalence relation ~ in Definition 13.261 induces an equivalence 
relation on Tj(D) and the order relation on T(D)/ ~ induces an order relation 
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on Yt(-D)/ ~. A toric strong Zariski decomposition is the greatest element of 
Tt(-D)/ ~, if it exists. 

Theorem 7.2. Let X be a proper toric variety over K and D a toric metrized 
^-divisor on X. 

(1) Assume that K is an A- field. Then, for every a G there exists an 
a G K x ® R suc/i t/iai 

(7.3) D + <tiv(a X a ) > 0. 

Therefore, if D is pseudo-effective, then there exists a £ Ajj and a G K x £g)R 
satisfying (|7.3I) . 

(2) //-D is pseudo-effective, then there exists a toric strong Zariski decomposi- 
tion of D if and only if Qjy is a quasi-rational polytope. 

(3) If D is big, the following statements are equivalent: 

(a) there exists a toric Zariski decomposition of D; 

(b) there exists a strong toric Zariski decomposition of D; 

(c) &jy is a quasi-rational polytope. 

(4) Assume that D is big. Then, for every s > 0, there exists a birational toric 
map tp: X' — > X of proper toric varieties and toric metrized M.- divisors A, 
E on X' such that A is ample, E is effective, 

tp*D = A + E and vol(X',A) > vol(X,D) - e. 

Proof. ([T]) Let 5* be a finite subset of 9JTk containing the Archimedean places and 
those places such that $7j„(a) 7^ 0. Let j v el,i)6 931k, such that j v < ^ v {a) 
for all v G S, 7u = for v ^ S, and n vlv = 0. Dirichlet's unit theorem for 
A-fields |Wei741 Chapter IV, §4, Theorem 9] implies that there exists aeK"®! 
such that log \a\ v = 7„ for all v. Set D = D + div(ax a ). Then, for all v G 2% 
and x G Mr, 

In particular, u (0) = -d-^ v (a) — j v > for all u and so I? > 0, as stated. 

If D is pseudo-effective, then 0-^ 7^ by Theorem I6.1[ f4")l. which proves the 
second statement. 

([2]) Let <p: X' — > X be a birational toric map and P a nef toric metrized R-divisor 
on X' such that P < ip*D. In particular, P is semipositivc. By Proposition 16.41 
Ap C A V , D = A D and t?p jV (x) < '& ip ,^, v = $d,v( x ) for an v G and x G Ap. 
Furthermore, by Theorem 16. lt [2"|). i?p > on Ap. Hence, for x G Ap, 

(7.4) = 2 (x) > > 
and Ap C 675-. 

Assume that (ip, P) is maximal. Suppose that Qjy is not a quasi-rational poly- 
tope. Then Ap ^ 0jy and so there is a quasi-rational polytope A' 3 Ap contained 
in 0^j. Let £' be a common refinement of £ and Ea'- Set X' = Xs> and let 
ip: X' — > X be the associate birational toric map. Let P' be the toric R-divisor of 
X 1 determined by A' and P the toric semipositive metrized R-divisor associated 
to the restriction to A' of the family of concave functions v }v under the cor- 
respondence in Proposition I4.19[ f2"j). We have that P' is nef (by Theorem 16. It l2|)). 
P < tp*p' (by Proposition l€>.4[) and P 7^ P since the associated polytopes are 
different. Hence, P is not maximal contradicting the hypothesis. We conclude 
that Qjy = Ap is a quasi-rational polytope. 
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Conversely, assume that Qjy is a quasi-rational polytope. Let S' be a common 
refinement of E and Se_. Set X 1 = X-^i and let <p: X' — > X be the associated 
birational toric map. 

Let P be the toric R-divisor of X' determined by Qjj and P the toric semipositive 
metrized R-divisor associated to the restriction to Qjy of the family of concave 
functions v } v under the correspondence in Proposition I4.19l[ 2"j). Hence, P is 
nef (by Theorem 03 ) and P < ip*D (by Proposition KRj) . 

Now we show the maximality of the class of (ip,P). Let Si be a refinement 
of S, ipi : X\ — > X the corresponding birational toric map and Pi a nef toric 
metrized R-divisor on X\ with <p*D > P\. By Proposition 16.41 Ap, C Ap, and 
v {x) < % t ,(x) for all v G 2% and x G A Pl . Since P x is nef, Theorem |I@ 
implies that ■d-p i (x) > for all a; G A Pl . Hence, Apj C Qjy. By construction, 
A Pl C A P and # Pi (x) < fip(x) for a; G A Pl . 

Taking a common refinement S" of S' and Si, we consider the corresponding 
birational toric maps v: X" — > X' and z^i : X" — > Xi. Proposition 16.41 then implies 
that i/*P > v^Pi, which proves the statement. 

(O Since a big metrized divisor is pseudo-effective the equivalence of pb[) and 
([5c]) follows from ©. Furthermore (|3b[) and ([5c]) imply pap , it remains to prove 
that (|3a[) implies ([3c]). Assume that ip*D = P + E is a toric Zariski decomposition. 
As before, Ap C and •d-p < i^-q. The equality of arithmetic volumes implies 

(7.5) / #p dvolju = / dvolju . 

J a p Je— 

Since D is big, the interior of Ojj is nonempty and the function #jj is strictly 
positive on it. Then, equation (|7.5[) implies that is equal to Ap, which is a 
quasi-rational polytope. 

For each e > we pick a quasi-rational polytope A' contained in the interior 
of Qjy and such that 

(n + 1)! / %dvol M < e. 
Je-\A' 

Let S' be a common refinement of S and Sa' ■ We consider the corresponding toric 
variety X 1 = X^> and the birational toric map ip: X' — >• X. We set A for the toric 
K-divisor corresponding to A' together with the metrics induced by the restriction 
to this polytope of the family of concave functions {frfi v } v - 

By concavity, #j is strictly positive on A'. Theorem 16. ltf Tj) then implies that A 
is ample. By Proposition ^. 41 A < ip* D and, by construction, 

volpf',3) = (n+ 1)! / %dvol M > (n + 1)! / % dvol M -£ = vol(X,D) - e, 

which concludes the proof. □ 

Remark 7.6. If D as in the previous theorem is pseudo-effective but not big, then 
a toric Zariski decomposition always exists. Take any a G Since the set {a} is a 
quasi-rational polytope, using the construction of Theorem 1 7. 2 p j) we can associate 
to it a nef toric metrized divisor on X such that P < D and vol(A, P) = = 
vol(A, D). Clearly, in this case, the decomposition may be non- unique. 

Example 7.7. Consider again the toric metrized divisor D a on Pq in Example 16.51 
We also use the notation and results therein. 

First suppose that ^ i oti > 1 or, equivalently, that D a is pseudo-effective. By 
Theorem l7.2[ fTj). Dirichlet's unit theorem holds true in this case, as it does for any 
pseudo-effective metrized toric R-divisor over an A-ficld. 
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If J^. on = 1, then the set a is a point. Otherwise, this is a compact subset of 
A of dimension n with smooth boundary. In this case, & a is not a polytope, unless 
n = 0, 1. Hence, by Theorem I7.2lj 2j). D admits a strong toric Zariski decomposition 
if and only if either J2i a % = 1; or J2i oti > 1 and n = 0, 1. 

Now suppose that J^i on > 1 or, cquivalcntly, that D is big. Then, by Theo- 
rem [72H2]), D admits a toric Zariski decomposition (and a strong Zariski decom- 
position) if and only if n = 0, 1. 

Finally, Theorem 1 7. 2 P | shows that a Fujita approximation of D a always exists, 
as it does for any big metrized toric R-divisor over a global field. 

8. Zariski decomposition on toric varieties 

In the previous section, we gave a characterization for when a toric Zariski de- 
composition exists. Now, we will study when the existence of a non-necessarily toric 
Zariski decomposition implies the existence of a toric one. For technical reasons, 
we will restrict this study to algebraic metrized R-divisors arising from arithmetic 
R-di visors as in Example 13.181 and assume K = Q. 

Definition 8.1. Let X be a smooth projective toric variety over Q, X a model of X 
over Z and T> an arithmetic R-divisor on X of C°-type. Let D be the restriction 
of T> to X and D the algebraic metrized R-divisor on X associated to T>. We 
say that T> is a toric arithmetic R-divisor if D is a toric metrized R-divisor. In 
particular, D is a toric R-divisor on X. 

The following is the main result of this section. 

Theorem 8.2. Let X be a smooth projective toric variety over Q, T> a big toric 
arithmetic R-divisor and D the associated toric metrized R-divisor. Then, the fol- 
lowing conditions are equivalent: 

(1) there is a birational map a: y — > X of flat normal generically smooth 
projective schemes over Z and a decomposition a*T> = V + £ with V and £ 
arithmetic R-divisors on J^q such that the corresponding metrized R-divisors 
give a Zariski decomposition of D; 

(2) there is a toric Zariski decomposition of D; 

(3) O-jj is a quasi-rational polytope. 

Before proving the theorem we will need some preliminaries. 
Let X be a proper variety over a field K. A divisorial valuation of X is a 
valuation v on K{X) given, for / <G K (X) by 

v{f) = ordff(a*/), 

where er: Y — > X is a birational map of normal proper varieties over K and H £ 
Div(y) is a prime Weil divisor. We denote by UV(X) the set of all divisorial 
valuations of X. 

A divisorial valuation v defines a map mult„ : Car(A) — > Z given, for D £ 
Car(A), by mult i/ (£>) = v{fo) where fo G K(X) is a local equation of D on a 
neighbourhood of the point cr(iJ). This map is a group morphism and so it extends 
to a map 

mult,, : Car(A) R — > R. 

Let p: Z — >• X be a birational map of normal proper varieties. Since DV(A) = 
DV(Z), for v £ DV(X) the map mult;, extends to a map Car(Z)K — > R- 

We will consider the following notion of arithmetic multiplicity for metrized R- 
divisors over a global field K. 
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Definition 8.3. Let X be a proper variety over K and D a metrized R-divisor on 
X . The arithmetic multiplicity of D is the function defined, for v £ DV(X), by 



Let p: Y — > X be a birational map from a normal proper variety Y over K and 
£7 £ Car(K)R. We say that the arithmetic multiplicity of D is represented by £7 
when /^(f) = mult^-E) for all t/ £ DX>(X). 

The arithmetic multiplicity of an arithmetic R-divisor is defined as the arithmetic 
multiplicity of its associated metrized R-divisor. 

We will show that, for a toric metrized R-divisor D, the convex set Qjy can be 
expressed as the intersection of a family of halfspaces defined by the arithmetic 
multiplicity of D. When this arithmetic multiplicity is representable, this convex 
set can be expressed as the intersection of a finite sub-family of these halfspaces 
which implies that, in this case, Q-jj is a polytope. 

Proposition 8.4. Let X be a proper toric variety over K and D a big toric metrized 
R-divisor on X. Then 



(2) 8g = {oe Mi | np(v) < mult 1/ (div(s a )) for all v £ DV(X)}; 

(3) assume that there is a birational map a: Y — > X from a normal proper 
variety Y over K and an R-divisor E on Y that represents fj,jj. Then, 
there are prime Weil divisors Hi £ Div(y), i = 1, . . . , I, such that 

Qjj = {a £ M R I M"d( m ') ^ mult lyi (div(s a )), i = l,...,l}, 

where Vi is the divisorial valuation defined by Hi. In particular, Qjy is a 
quasi-rational polytope. 

Proof. (H|) Let I > 1 and to £ 6 f -jjn M. Proposition l5.1[ [Tj) implies that s m = 
ix m JD) £ f{X,W) x . Since mult I/ (div(s m )) = I mult t/ (div(s Q )) for a = m/£, it 
follows that 



For the reverse inequality, let s £ T(X,ID) X . Write s = (f,£D) with / = 
EmeiAo c mX m - By Corollary E3J c mX m £ ?{X,W) X for all m such that c m ^ 0. 
For all such to, Proposition IS.llfTT) together with the product formula imply that 
to £ £Ojy. Hence, 



mvitJdw(s)) =£multJD) + v( V c mX m ) > t mult„(D) + min v( X m ). 



This implies that > inf{mult I/ (div(s a )) | a £ O^j n Mq}, which proves the 

formula. 

© Write Q, = {a £ M K | fi V (u) < mult„(div(s )) Vz> £ DV(X)} for short. 
By (HJ), Mq C SI. Since D is big, 9^- n Mq is dense in 6^ and so 9^ C fi. 

For the reverse inclusion, let b £ Mr \ Qjy. Since Qjy is convex and closed, there 
is a real number e > and a primitive element it £ N such that (6, u) < (x, u) — e 
for all x £ 0-p. Let S' be a complete unimodular regular refinement of £ containing 
the ray R>ou. Let H be the prime Weil divisor of X^y corresponding to this ray and 
vh the associated divisorial valuation of X. Then, for any a = m/l £ O-jjH Mq, 



By ([T}, mult Wff (div(sfc)) < /j-jjIvh) and so b £" Jl, which proves the statement. 




(1) for all v £ DV(1), 



inf{mult ly (div(s a )) | a £ 9^ n Mq}; 



f-TJ^) < inf{mult I/ (div(s )) | a £ 9^-H Mq}. 




v H { X b ) = (b, it) <{a,u)-e= v H { X m )/i - e. 
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([3]) Let {Hi, . . . , Hi} be the set of prime Weil divisors on Y containing all the 
components of E and of a~ l {X \ Xs,o)- For short, write 

Cl' = {a G M K I Ho{vi) < mult^ (div(s a )), i = !,■■■, I}- 
By ©, 0-p C fi'. For the reverse inclusion, let b G 0'. Then, for all {/ G BV(X), 

i i 
I j d( 1/ ) = mult, y (i?) = mult^ (E) mvlt v (Hj) = ^(VQ muhy(-ffj) 

i=l t=l 

i 

< y^ mult Wi (div(sb)) mult u (Hi) = mult,,(div(sf,)). 

i=l 

By P]). this implies that 6 G G^j and so we obtain the first statement. The quasi- 
rationality of Qjy follows from the fact that 

is an affinc equation in a with integral slope. □ 

The relationship between the arithmetic multiplicity and the Zariski decomposi- 
tion is given by the following result of Moriwaki |Morl2al Theorems 2.5 and 4.1.1]. 

Theorem 8.5. Let a: y — > X be a birational morphism of generically smooth 
normal projective varieties over Z. Denote by X and Y the generic fibre of X 
and y, respectively. Let T> be a big arithmetic R-divisor on X . If T> admits a 
Zariski decomposition a*T> = V + £ with V, £ arithmetic Hl-divisors on y, then the 
arithmetic multiplicity of "D is represented by the W-divisor E = £ |yG Car(Y")R. 

Proof of Theorem ] 8. A By Theorem 1 7. 2 [[ 3"]). we know that is equivalent to J3]). 
Theorem 18 . 5 1 and Proposition 18. 4t |5"]) show that (JJJ) implies ©. 

It only remains to prove that implies (JJJ). The only difficulty is to show 
that the metrized R-divisors appearing in the Zariski decomposition D = P + E 
obtained by Theorem 1 7. 2 [p ?]) come from arithmetic R-divisors. Clearly, it is enough 
to show that this is the case for the nef part P. 

Suppose that is a quasi-rational polytope. Let £' be a complete unimodu- 
lar regular refinement of £ and Eg^. Set X' = Xs' and let tp: X' — > X be the 
associated birational toric map. Recall the construction of P in the proof of The- 
orem [72113]) : P is the toric R-divisor on X' determined by Qjy and P is the toric 
scmipositive metrized R-divisor associated to the restriction to 9^y of the family 
of concave functions {ftp v } v under the correspondence in Proposition ^. 19[ [2"]). For 
v oo, the function ip-p is piecewise affine, by |BPS11I Proposition 4.4.13], and 
so is each local roof function •d-^ v . 

For each v G 93Tq, consider the functions 

Cv = fiv\ e _ and ip v = (j-Cvj 

and the finite set of places S = {v G \ {oo} \ ( v ^ 0}. For each v G S, let p„eZ 
be the corresponding prime number. Choose a subdivision Tl v of Nr so that ip v is 
piecewise affine on ILj and rec(II„) = This can be done as follows. Let be 
a strictly concave function on £', which exists because of the condition that £' is 
a regular fan. Then, ILj can be constructed as the subdivision determined by the 
concave function <p v + ^' as in HI'S 1 1 . Definition 2.2.5]. 

For each finite subset S" C S we denote ps< = YlveS' P v an ^ ^S' = Z[l/ps<]. 
Consider the toric scheme Xu v over Zg^^j obtained by the construction in [BPS11I 
§3.5] using Zg\i v \ and p v in place of K° and w. The function ip v defines a Cartier 
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divisor V Vv on Xji v as in the case of toric varieties over a field. The restriction of 
T > lfv to the generic fibre X 1 agrees with P. 

For v, w £ S, the restriction of the models Xu v and Xjj w to ^s\{v,w} can be 
identified by using the element p v /p w . Under this identification, the Cartier divisors 
V lflv and V Vm correspond to each other. Since these identifications satisfy the 
cocycle condition, we can glue together the schemes An„, v € S, into a model 
X' over Z of X', and the divisors V Vv into a model V of P. Then 

g(x) = ^(^(valooOE)) 

is a Green function of C° and PSH-type for P. Hence P = (V, g) is a ncf arith- 
metic R-divisor and, by construction, P is its associated metrized R-divisor, which 
concludes the proof of the theorem. □ 

Example 8.6. Consider again the toric metrized divisor D a on Pq in Examplc l6.5l 
and let T> a be the associated toric arithmetic divisor. 

With the notation therein, suppose that n > 2, and that on > 1 or, equiv- 
alcntly, that D a is big. As noted in Example 17.71 the convex set <d a is not a 
polytope in this case. Hence, Theorem 18.21 shows that T> a does not admit a Zariski 
decomposition into arithmetic R-divisors. 

Remark 8.7. In principle, Theorem 18.21 leaves open the possibility that the ex- 
istence of a general Zariski decomposition of D does not imply the existence of a 
toric one. It would be interesting to settle this question and extend Theorem 18.21 
to arbitary metrized R-divisors. Since the main reason why we restrict ourselves to 
arithmetic R-divisors is the use of Theorem [531 on e step in this direction would be 
to extend this last result to metrized R-divisors. 

Appendix A. Convex analysis of asymptotically conic functions 

In this appendix we extend some definitions and constructions from [BPS11I 
Chapter 2] to functions which are not necessarily concave. We will freely use the 
notations and conventions in loc. cit.. 

Definition A.l. Let / : Ar — > R be a function. The stability set of / is the subset 
of Mr given by 

stab(/) = {x £ Mr I x — f is bounded below}. 

When / is a concave function, this coincides with the definition of stability set 
in convex analysis |Roc70] . If stab(/) 7^ 0, this is a convex set. The function / 
determines a concave function / v : stab(/) — > R defined as 

r(x)= M{x,u)-f(u). 

When / is concave, the function / v is the Legendre-Fenchel dual of /. 

Lemma A. 2. Let f,g: Ar — > R be two functions. Then 

(1) stab(/ + g) D stab(/) + stab(y). 

(2) (/ + g) y (x) > (/ v ffl g v )(x) for all x e stab(/) + stab( 5 ). 

Proof. (pTJ) Let x € stab(/) + stab(g) and take y e stab(/) and z e stab(g) such 
that x = y + z. Then y — f and z — g are bounded below. Therefore (y + z) — (f+g) 
is also bounded below, and so x £ stab(/ + g). 
(|2|) For x £ stab(/) + stab(g) we have that 

(/ v ffl 9 v )(x)= sup (r(y)+g^(z)), (/ + 5 ) v (x) = inf«x,«) - f(u) - g(u)) 

y-\-z—x u 
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and 

sup (f y (y) +g y (z)) = sup (mi((y,u)-f(u))+M{(z,v)-g(v))) 

y-\-z—x y-\-z—x ^ u v ' 

< sup in£((y,u) + (z,u) - /(it) - g(u)) = mf((x,u) - f(u) - g(u)), 

y+z—x u u 

from where we deduce the statement. □ 

A conic function on Ar is a function ^: Ar — > R such that ^/(Au) = A^(u) for 
all u € A R and A > 0. 

Definition A. 3. Let /: Ar — >■ K be a function. We say that / is asymptotically 
conic if there is a conic function on Ar such that |/ — v^l is bounded. Such a 
conic function ^ is necessarily unique. We call it the recession function of / and 
we denote it by rec(/). 

Remark A. 4. Let / : Ar -> R be an asymptotically conic function. Then 

rec(/)(it) = lim 

Hence, for a concave asymptotically conic function, the notion of recession function 
coincides with the usual one in convex analysis, see for instance |Roc70l Theo- 
rem 8.5]. 

The stability set of an asymptotically conic function / : Ar — ► R agrees with 
that of its recession function. Hence, 

stab(/) = {x € M R I (x,u) > rec(/)(u) for all u € A R }. 

If / is an asymptotically conic function /: Ar — > K with stab(/) ^ 0, the 
concave envelope of /, denoted conc(/), is defined as the smallest concave function 
h: N m ->R such that h> /.We have that / v = conc(/) v and / vv = conc(/). 

Lemma A. 5. Let f,g: Ar — )■ M 6e two asymptotically conic functions such that 
£ stab(.o). T/ien 

(1) stab(/ + e'g) C stab(/ + eo) for < e' < e and 



f|stab(/ + £ 3 ) = stab(/). 



£>0 



(2) Assume that stab(/) ^ 0. Then, for < e' < e, 

(f + egr\ stahU+£lg) >(f + e' 9 r + (s-s')g-(0) 
and, for x £ stab(/) ; 

lim(f + sg) V (x) = f(x). 

Proof. © Let < e' < e. By Lemma [A~2l[ T|) . 

stab(/ -(- eg) D stab(/ + e'g) + stab((e - e')g) D stab(/ + e'g) 

because e — e' > and so G (e — e')stab(g) = stab((e — e')g). Now let x £ 
stab(/ + eg) for all e > 0. We have that stab(/ + eg) = stab(rcc(/) + e icc(g)) and 
so, for all u G Ar, 

(x,u) > rec(/)(w) + e rec(g)(u). 
Letting e — > 0, we obtain (x,u) > rec(/)(u). Since this holds for all u £ Ar, we 
deduce that x <G stab(rec(/)) = stab(/). Hence, p| e>0 stab(/ + eg) C stab(/). The 
reverse inclusion follows from the argument above with e' = 0. 
© Let < e' < e. By Lemma lA~2lj2j) . for x <G stab(/ + e'g), 

(/ + eg) V (x) > ((/ + e'gf ffl ((e - £ ').9) V ) (x) > (/ + e> 'gf \x) + {e- e')g^(0), 
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which proves the first assertion. 

Letting e' = 0, we deduce that liminf e _>o (/ + £.9) {x) > f v {x) for x e stab(/). 
For the reverse inequality, given 5 > let uq G A"r such that f v (x) > (x,Uq) — 
f(uo) - S. Then 

(/ + eg) y (x) < (x, u ) - /(«o) - eff(«o) < / v (x) - eg(u ) + 6. 

Letting e — > 0, we deduce that 

limsup(/ + £ .g) v (x)</ v (a ; ) + <5. 

e->0 

Since this holds for all 8 > 0, wc obtain limsup e ^ (/ + eg) v (x) < / v (x). Therefore 
lim e _>.o(/ + £ 9) V { X ) exists and is equal to f v (x), which concludes the proof. □ 
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